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4 CONTENTS

Solutions to Chapter 1: Monoidal categories

SoLuTIiON OF EXERCISE [L2.6] Consider the map Hom (U®V, W) — Home (U, W
V*) given by

f e (f ®1dy-) o (Idy ®coevy ).
Equation (1.2.2)) implies this map is an isomorphism with inverse Home (U, W ®
V*) = Homg (U ® V, W) given by
g (IdW ®<67V) o (g & Idv)
The other isomorphism is similar. [

!/ I
SOLUTION OF EXERCISE [LZ8l Let (V', vy, coevy,) be another left duality
of V. Then, the zigzag relations show that the morphism

Id, s ®coev o, ®Idy
Vi Y RV eVe Vv XYL v

is an isomorphism whose inverse is given by

_ —
Idy . ®cgev ev vy ®Idy s
V* \4 V* ® V ® V/ \4 V,.

O

SOLUTION OF EXERCISE [[L2.11] The zigzag relation for the left duality im-
plies that the equalities in Equation (|1 are equivalent to the equality of Equa-
tion . One can make an analogous statement for right duals using

IRERTA

SoLuTION OF EXERCISE [[L2.15l We have

(coevy)* = (evygy- ®1di-) o (Idyey-)- ®coevy @ Idy-) o (Id(ygy+)- ©coevy)
= (evvev-) o (Idyey+)» Gcoevy)
= (evy- o (Idyw ®evy @ Idy+)) o (Idy-- @ Idy- ®coevy )
= vy o (Idv** o((evy ®Idy+) o (Idy- ®c‘£vv)))
= evy« o (Idyw ®Idy-).
where the second equality follows from the requirement that C%V]l = Idy = Idq»

and the third equality follows from the compatibility of the duality with the tensor
product. The other equality of the exercise is proven similarly. ([

SoLUTION OF EXERCISE [[L2.18l Suppose V € Vectg has a left duality. Con-
k
sider c&vv(l) =), v;®v, € VaV*. Let W be the vector subspace of V' generated
k
by {v;};. Then, the image Im(c&vv) isin W& V* and

k k
V = Im(Idy) = Im((Idy ®evy,) o (coevy, @ Idy)) C W.

But W is finite dimensional and so is V.
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Conversely, if V' € Vectk is finite dimensional then as explained in Example
the usual left and right evaluation and coevaluation morphisms define left
and right dualities. O

SoLUTION OF EXERCISE [.2.19] Let {v;}; and {v}; be a basis of V' and its
dual basis of V*, respectively. Write f(v;) =, fijv; then

= ®fivi(vi) @ v =Y fujv}.
i,j J
So f*(vf)(vj) = fxj. On the other hand,
FRw) = G0 Nles) =3 fioile) = fi
(I

SoLuTIOoN OF EXERCISE [.2.201 Applying the functor F' to Equations (|1.2.2))
and (|1.2.3) and using the fact that F' preserves the tensor product and the identity

we see that F(evy ) and F(coevy) are left duality morphisms of F(V). The state-
ment about right duality is similar. The last statement of the exercise follows from

Exercise [L2.18 O

SOLUTION OF EXERCISE [1.2.27] The morphism
(Id-(y-) @evy) o (coevy- @ Idy) : V — *(V*)
is an isomorphism with inverse
(Idy ®evy-) o (coevy @ Id«(y-y) = “(V*) —= V.
The other isomorphism is constructed similarly. O

SoLUTION OF EXERCISE [[L2.24] If ¥ is a pivotal category then Proposition
1.2.23|says that ¢ is the desired natural monoidal isomorphism. Conversely, suppose
% is a monoidal category with a left duality compatible with the tensor product,
together with a natural monoidal isomorphism ¢ : Idgy — (—)**. First, define the
right dual of an object V € € as *V = V*. Then, the assignments

gv = EV* o ((bv ® Idv*) and C@Vv = (Idv* ®¢;1) o C%VV*

define a right duality which is compatible with the tensor product. Given a mor-
phism f:V — W we have

*f = (Idy- ®evw) o (Idy- ®f @ Id-) o (coevy @ Idyy-)
= (Idy~ ®ev ) o (Idy- @(¢w o f 0 ¢7") @ Idy+) o (coevy- @ Idy-)
= (IdV* ®EW*) e} (Idv* ®f** X IdW*) o (C&Vv* & IdW*) = f*
Thus, % is pivotal. O

SOLUTION OF EXERCISE [[.2.28 We use the graphical calculus and Exercise
[1.2:11] to prove the first statement:

B - dp-ay- &
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Suppose f: V — W is an isomorphism. Then,
dimZ(V) = el (1dy) = trB(f Lo f) = tell (f o f71) = trll, (Idw) = dimZ(W).

O

SoruTioN oF ExERCISE [L2.291 Use that (Idy ®evy) o (h®@ Idygy+) = ho
(Idw @evy). O
SoLuTioN OoF EXERCISE [[.2.30l Use Exercise [1.2.11] and pivotality. (]

SoLuUTION OF EXERCISE [[L2.31] Use the compatibility of the duality with the

tensor product.
O

SoLUTION OF EXERCISE [.2.35]l Set V = W = 1 then Equation (1.2.10]) be-
comes

cuae1 = (Idg ®@cy 1) o (cya @ Idy)
but since U ® 1 = U this equality implies ¢y = Idy. ([l

SOLUTION OF EXERCISE [[L2.38l We give the following graphical proof:
\4 /U NN \% \U
gy
where the first equality comes from the naturality of the braiding (Equation (1.2.11)))

for f®g=Idy ®c<(£vv and the second equality comes from applying the braiding
and its inverse. The other statements follow similarly. O

SOLUTION OF EXERCISE [[.2.39] To simplify notation in this solution we will
suppress the V when writing the morphisms in the category, e.g., we write ¢ and
Id for cy,y and Idy, respectively. We have

ptry(¢!) o ptrif(e) = ptrgf (ptrir((¢ ' @ 1d) o (Id @c)))
= ptr{f (co (Idy @ ptri(c 1))
= (ev ®1d) o (Id ®cys y) o (Id@((ptr{;(c—l) ®Idy-) o c‘Ev))
= (ev ®1d) o (Id@cy,t 1) o (Id®(cy+ v o coev))
= (ev ®1d) o (Id@coev)) = Id

where the second equality follows from the naturality of the braiding and the third
and fourth equalities follow from Exercise [1.2.38] To emphasize its simplicity, we
use graphical calculus to give a second proof:

\
V[) 1% 14 \4 Vv
O
SoLuTION OF EXERCISE [[L2.401 From Exercise we have that 0¥ is in-

vertible. To see the family is natural, use the naturality of the braiding and Exercise

L2110 O
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SoLUTION OF EXERCISE [[L2.41] We give the following graphical proof:

“h-Jo-H-p-8

SoLuTION OF EXERCISE [[L2.44l We provide the following hints: 1) the right
evaluation has to be defined by

O

. -
evy = evy ocyy« o (0, @ Idy+).

2) Similarly, define a right coevaluation which satisfies the zigzag relation. 3) Show
that *f = f*. 4) Show that the right duality is compatible with the tensor product.
Conclude that ¥ is pivotal. 5) Show ptr‘L/(c(,,lV) is the inverse of 6{,. Use this to

conclude that 9{; = ptr{?(cv’v) satisfies Equation (|1.2.15)). O

SoLuTION OF EXERCISE [[L2.501 This follows directly from Exercise
]

SoLUTION OF EXERCISE [1.2.53] This follows from the zigzag relations and G
preserving the evaluation and monoidal structures. O

«—

SOLUTION OF EXERCISE [[L2.54l For V € €, we have 5(1)oG(evy) = G/ (evy)o
n(V* ® V) which implies
Ve = eva) oV @n(V) = evgu, o (V) on(V*)) @ ldgw)),
where the last equality comes from Equation ([1.2.7). Then, using the zigzag relation
oJ= |, we get n(V)*on(V*) =ldgv). 0

SoLUTION OF EXERCISE [I.2.56] The definition of a ribbon functor and Exer-
cise imply that the functor preserves the duality and the braiding. Then,
since Oy = ptrE (cv,v) = ptri(cy.v), the result follows. a

SoLUTION OF EXERCISE [[.3.5l Let p;,ps be two epimorphisms and suppose
fo(p1 ®p2) = go(p1 ®p2). Precomposing this morphism with Id ®coev then

Exercise [[.2.11] implies
(f @ p3) o (Id ®coev) o p1 = (g @ p%) o (Id ®coev) o p;.

Since p; is an epimorphism, we have (f ® p3) o (Id ®coev) = (g ® p3) o (Id ®coev).
An analogous argument shows that the last equality is equivalent to
(Id® ) o (coev @ Id) o py = (Id®g) o (coev ® Id) o pa

where we also use the zigzag relation. Since ps is an epimorphism, we have (Id®f)o
(coev ® Id) = (Id ®g) o (coev @ Id) then the zigzag relation implies f = g. O

SOLUTION OF EXERCISE [[.3.15l If an object is not simple, it is a non-trivial
direct sum and the associated idempotents are linearly independent. Hence, its
endomorphism space has at least rank 2 and the object is not absolutely simple. [J
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SOLUTION OF EXERCISE [L.3.19l Let f,g: W — X be any morphisms. Then,
the equation Idy ® f = Idy ®g holds if and only if

(evy @ f@Idw+) o (Idy-gy @coeviy) = (evy ® g ® Idy+) o (Idy+gy @coevyy)

if and only if
(1) ((f®1dw*)ocng) oevy = ((g ® Idw~) oc?%vw) oevy.
Now, if V is left sharp then
(f @ Idy-) o coevyy = (g ® Idy+) o coevyy.

Tensoring this equation on the right by Idy and then composing with Idx ®EW
one can use the zigzag relation to show f = g.
Conversely, suppose f,g: 1 — X are morphisms such that

— —
foevy =goevy.

After setting W = 1, the last equation is equal to Equation since C&V]l = Idy.
Thus, from the above equivalences we have Idy ® f = Idy ®¢ and the hypotheses
imply f =g. O

SoLUTION OF EXERCISE [[L3.22] Since S is absolutely simple, End (.9) is free
of rank one and is generated by the identity Idg. Then, by Exercise [I.2.6] there are
isomorphisms from End¢(S) to the four Hom-spaces listed in the exercise which
send the identity Idg to the four duality morphisms of S, respectively. O

SOLUTION OF EXERCISE [[L3.20l If & : V x W — k is a perfect pairing then
there exists a bijection V' — V**. This is only possible if V' has finite rank because
otherwise the cardinality of a basis of V* would be strictly larger than that of a
basis of V. For the second statement, if ® : V x W — K is a non-degenerate
pairing of finite dimensional vector spaces then it induces injective linear maps
V — W* and W — V* between vector spaces of the same dimension and so they
are isomorphisms. (I

SOLUTION OF EXERCISE [L327 Let f: W — V* and g : V — W* be the
maps induced by ®. If z is in the kernel of f then z = ), ®(e’, z)e; = 0. Similarly,
the kernel of g is zero. Then, for any ¢ € W* and any = € W, we have p(z) =
o>, ®(eh,z)er) = DX, p(ei)el, x), thus, ¢ = f(O, p(e;)e’) and f is surjective.
Similarly, for any ¢ € V*, ¢ = g(}_, ¥(e')e;) and g is surjective. O

SoLuTION OF EXERCISE [[L3.28 Let (¢, ®,1) be a k-additive monoidal cate-
gory which is absolutely semisimple and assume that 1 is absolutely simple. Then,
by Exercise 1 is simple. Furthermore, if {S;}, is a finite set of pairwise
non-isomorphic simple objects of €, and if {m;},;, {n;}, are sets of non-negative
integers, then

i %

Home (6P S7™, @D S™) ~ @D Maty, m, (k)

is a finite rank free k-module, where Mat,, ., (k) is the free k-module of n; x m;
matrices. Since any Hom-set of ¢ has this form, ¢ is sharp. (]
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SoLuTION OF EXERCISE [[L3.36l Let A = @, A; be a direct sum of a finite
family of algebras. If S is a simple Aj-module, then it is a simple ), A;-module
where the other summands act by zero. Hence if each A; is semisimple, so is A.

The standard Mat,, (K)-module K™ is simple since it is generated by any
non-zero vector. Now, the map that associates to a matrix its n; columns is a
Mat,,, (K)-module morphism from the regular module to (K" )%, O

SoLUTION OF EXERCISE [[L3.43] If e is an idempotent of a k-module V then
the image of e is the sub k-module of V' defined by I = {e(v) : v € V'} with comple-
ment the kernel K of e. Then, V = I® K and the retract is the pair of the inclusion
and projection on I. Finally, the direct sum of k-modules is a k-module. O

SOLUTION OF EXERCISE [[.3.54] In this proof we use the fact that if N is a
null object and V' is any object then N @V is isomorphic to V. Write 1 = @gec 1,.
Then, for each g € G we have

ly=12l, = Pl a1,
heG
Hence, the identity of 15 ® 1, factors through 1 ® 1,:
1,1, -11, > 1,01,
and when h # 1 this morphism is zero since hg # ¢g. Thus, if h # 1 then 1, =1, ®
1 ~@@,cc1n®1,is anull object and it follows that 1 = P, 14 S 1,€e%. O

SoLuTION OF EXERCISE [[L350l If V € %, N4} then Idy = 0 by the fourth
property of G-graded category. Hence, V' is a null object. Reciprocally, since % is
additive, it contains a null object which is isomorphic to any null object of € via
the null maps. Thus, any null object is in €. (|

SOLUTION OF EXERCISE [[L3.56l Suppose that V = @, .c Vi is a retract of
W € €, then the identity of V}, factors through W thus, if h # g, it is zero and V,
is a null object. Hence V ~ V, € €. O

SOLUTION OF EXERCISE [L3.57l Suppose that V* = @, .V} Exercise[1.3.54
implies Home (V;* @V, 1) = 0 for h # g~'. Thus, vy restricted to Disg ViV
is zero and gv factors through V* @V — Vg*,1 ®V = V*® V. Now, we have
Idy- = (EV ® Idv*> o (Idv* ®c<0_evv factors through Vg*,1 thus, it is a retract
of an object of €1 and Exercise [1.3.56| implies it belongs to 1. O
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Solutions to Chapter 2: Hopf algebras

SOLUTION OF EXERCISE [2.2.21 The compatibility axioms can be interpreted
as saying € and A are algebra morphisms: if z,y € B then A(lp) = A(n(1)) =
n(l)®n(l) =1p® 1p and

A(zy) = A(m(z,y)) = ((m@m) o (Idp @7 @ 1dp)) o (A ® A))(z,y)
=zm¥Ya) @ T@2)¥Y@2) = Alr)A(y)

where the second equality follows from the compatibility axioms of a bialgebra.
Similarly,

e(1p) =e(n(1)) =1; e(zy) = e(m(z,y)) = e(x)e(y).
The proof of the second statement is similar. ([l
SOLUTION OF EXERCISE 222,71 Suppose that S and S’ are two antipodes for

the same bialgebra H. Apply Proposition to Idg : (H,m,n,A,&,S5) —
(H7 m7 ,r]) A) 6’ S/)' D

SOLUTION OF EXERCISE 2.2.8 From the defining property of the antipode
and the counital coalgebra axiom we have
T(1) ®$(2)S(l‘(3)) =T (m o (IdH ®S)(A(m(2)))) =T (7’]05) (.Z‘(Q)) =z®1g.

Applying the linear map f: H ® H — H given by a ® b — ybza to the previous
equality leads to the second statement. ([l

SOLUTION OF EXERCISE [2.2.91 We have

where the first equality follows from the property of the antipode applied to the
right side of the second graph, the second equality is the compatibility of the top
A with m and the third equality is the property of the antipode applied to the left
side of the third graph. |

SOLUTION OF EXERCISE [2.2.11] The solution to this exercise is similar to that
of Exercise 2.2.8) We have

S(y(l))S(ﬁ(l))x(z)y@)S($(3)y(3)) = S(y(l))y(g)S(xy(g)) = S(xy),

and
S(y)S(zay)r@y@)S(@@ym) = Sya)S(@a)(@e@)ve) 1S(zeye) @)
= S(yw)S(za))e(r@2)y2)
= S(y(l))S(m(l))g(x@))g(y@))
= S(yme(y))S(z)e(z2))
= S(y)S(z)
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SOLUTION OF EXERCISE [2.2.20] See also [Mol77, Theorem 2.13].
With omitted summation, the associativity of the product is given by identifying
the two triple products with

(u X h)(’U ® k:)(w ® l) = u(h(l).v)(h(g)k(l).w) ® h(g)k(g)l.
The coproduct A is an algebra morphism because
Alu@ h)(v@ k) = (ua) (ha)v) @ hikay) @ (e (he)-ve) © hake)

= (uq)(h)-v(1)) ® hi2)k(1)) ® (ue) (h(z)-v2)) @ haykz)) = Alu® h)A(v® k)

where the second equality holds because H is cocommutative. To check that the
formula given for S defines an antipode, we compute for (u® h) € U x H:

mo (S®Idyxm) o A(u® h) = S(u@y @ hay)(ue) @ he))
= (S(hq))-S(uqy) ® S(hz))) (u@) © hz))
= (8(h(1))-S(uq))) (S(hez)ue) @ S(h)ha)
= (S(h(1))(1)-8(u) (S(h) @) ue) @ lhe)la
= S(h).(S(ugry)ugz) @ 1y = e(W)S(h).1y @ 1y
=ce(uwe(h)ly®@ly =c(u®h)lywy,
where in the fourth equality we used that S(h(1)) ® S(he)) ® hsy = S(h@))a) @

S(h1))(2) ® h(zy which comes from the cocommutativity of H. Similarly, m o
(Idyxg ®S) o A(u® h) =e(u® h)lyxm, so S is an antipode. O

SOLUTION OF EXERCISE 2.2.211 Compare the product law in Gy x G; given
by (92, 91)(92:91) = (92 ¢(91)(92), 9191) with the product in k[Go] x k[G1] given by
(92 ® 91)(95 ® 91) = 92(91(1)-92) ® 91(2)91 = 92 2(91)(93) © 9191 O

SOLUTION OF EXERCISE 2.2.22] Since S = S~!, we have V* = *V and the
exercise is a consequence of Propositions [2.2.17| and [2.2.18] [l

SOLUTION OF EXERCISE [2.2.26] The element K is grouplike and we have seen
that S?(F) = KEK~!. Then, we have S?(K) = S(K™!) = K = K K K~! so the
two automorphisms of algebra S? and x — KxK ! are equal since they coincide
on generators. [

SOLUTION OF EXERCISE [2.2.27] First, since g and x are grouplike then
Azg) = A2)Ag) = (z @) (9 ® g) = 19 ® zg.

Moreover, since z is central then for y € H we have

S?(y) = gyg~ " = xgyg 'z = zgy(xg) "

and zg is a pivot for H. To see the equality of sets let ¢’ be a pivot in H. Then,
we have S?(x) = g¢'z(¢/)~! for any © € H. Since g is also a pivot, we have
g'z(g")~t = grg~!. Thus,

v=(g) "gxg g =(9g7g) Tag™ g

so g~ 1g is central and ¢’ = g(g~'¢’) which completes the exercise. a
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SOLUTION OF EXERCISE [2.2.28] First, note
Ad=mo(Idg®(mo7))o((Idyg ®S) o A)®Idy)

where 7 is the flip map. Now, let z,y € H and v € H then the definition of the
adjoint representation of z acting on v is py(z,v) = Ad(z ® v) = z1)vS(z(2)).
Using this twice we have

pr(T, pr(Y,v)) = v(1)y1)vS(Ye)S(z@2) = T1)ya)vS(z@)ye)

where the last expression in this equation is equal to
mo (Idg ®(mo7)) o ((Idg ®5) o A(z)A(y)) ®@v).

Thus, replacing A(z)A(y) with A(zy) in the last formula implies the result. O

SOLUTION OF EXERCISE 22233l Recall that evy = Eﬂ; tp®@v > p(v). For
any v € V and any ¢ € V*, the right-hand side of Equation (resp. Equation
(2.2.6))) applied to p@wv (resp. v®p) gives p(S(S71(x))) = ¢(z) which is the image
of the left-hand side. Similarly, the right-hand side of Equation applied to
v ® @ gives ©(S?(x)g.v) = p(gx.v) which is the image of the left-hand side.

Now, from Equation ([2.2.4) we get Idy ® (EV o (Idy~ ®,5V(:1c))> Rldy+ =Idy ® ((e_vv o (ﬁv (S7(2)) ® Idv)) ®

Idy«. Precomposing both sides with c&vv ® c%vv then applying the zigzag re-
lation v = 1 on the left-hand side, (resp. ) = | on the right-hand side) shows

that Equality (2.2.5)) holds. Similarly, Equation ([2.2.8]) implies that Equality (2.2.9)
holds. The proof is the same for Equation ([2.2.7)) but with coevaluations and zigzag

relations in k-mod?. O

SoLuTION OF EXERCISE 2.2.37 By Proposition [2:2.30] since H is quasitrian-
gular, H-Mod is braided. We now show the converse (see also [KRT97), Chapter
2, Theorem 4.1]): Suppose H-Mod is braided and consider the H-module H with
the left regular representation given by pg(h)(v) = hv for all h,v € H. Consider
the element

R:TOCHVH(lH(X)lH) €EH®H.
We claim that R is a universal R-matrix. The fact that cg g is a morphism of H-
modules implies it satisfies Equation (2.2.10). Now, for any (v,w) € V' x W where
V,W are H-modules define H-module morphisms f, : H — V and f, : H - W

by f,(z) = xv and f,,(x) = zw. Then, the naturality of the braiding (see Equation
(1.2.11)) implies that

cvw(v@w) =cywo (fo® fu)(ly ®@1g)

(fw ®fu)(R21)

=710 (pv @ pw)(R) o (fo ® fu)(luw ® 1n)
=70 (pv @ pw)(R)(v @ w).

Then, the Equations (2.2.11]) and (2.2.12)) for R follow from the equalities in Equa-
tion (1.2.10) applied to lp @ 1lg ®1g c UQV @ W = H®3, O
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SoLUTION OF EXERCISE 22314l We prove the equality by induction, for n €
Z>0:

n—1

(+y)"

n—1l— n—1 n—l—
qk( 1 k)|: ;) }(m—l—y)xky 1-k

1T
= O

11— n—1 11— _
qk(n 1-k) |: P :|($k+lyn 1—k + qQkxkyn k)
k=0

n—1
—1 —1
:xn+yn_’_zqk(n—k)<qk—n|: 7;71 :|_’_qk|: nk :|)xkyn—k.
k=1
Then, the result follows from Lemma [2.3.13
O

SoLuTION OF EXERCISE 2.3.27] Similar to the proof of Lemma[2.3.19] we first
prove the statements over the ring K = Q(g). In this case, we have exp,(z) =
expy " (z) modulo z"k,[[z]] and exp,-.(—x) = exp;fl(—x) modulo z"k[[z]]. Thus,
exp; " (z) exp;fl (—x)—1 = exp,(z) exp,-1(—z)—1 = 0 modulo z"k,[[x]]. Then, the
first statement holds because exp;" () equ<_r1 (—x)—1 belongs to (z"K[[z]])NK[z] =
2"K[z]. Similarly, Lemma implies the second statement is true modulo
I Ky[[z, y]] so

expy”(z +y) —expy " (x) expy " (y) € Isr Ko[[z, y]l] N K[z, y] = I,

Now, consider the subring k’ of K formed by fractions of elements of Z[g*'] whose
denominators are products of elements of the form 111"; for somen € {1,...,r —1}.
Then, ki [[x, y]] is a subring of ki [[x, y]] that contains both sides of the expressions.
The ring morphism k' — k sending ¢ € k' to ¢ € k induces a morphism of al-
gebra ki [z,y] — ky[z,y] that proves the two statements hold in k[z] and k,[z, y],

respectively. O

SOLUTION OF EXERCISE 2.3.311 Replace R by ¢"®H/2R in Equations (2.2.10)),
([2.2.11) and ([2:2.12)) then commute the factor ¢ ®H/2 using the definition of Hq.
For example, for any x € Uy (sls),

B210) « r(Ax) = "H2 R(Az) R g HEH/2
= q HOHPr(Ax)g o2 = R(Az)R™

& T(q_H®H/2(Ax)

HOH/2) = R(Az)R™
= 7(H,}(Ar)) = R(Az)R™* 2:3.12).

(=

O

SoLUTION OF EXERCISE [2.3.32] First, the element g = K is grouplike. Next,
we prove S?(z) = gzrg~! for any x € Uy(sly). Since S? is a morphism of algebras,
it is enough to show this when x is a generator:

S*(E) = -S(K Y)S(FE)= KEK ™,
S*(F)=—-S(F)S(K)=KFK™*,
S’ (K)=S(K')=K=KKK™ "
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SOLUTION OF EXERCISE 2.3.34]l A direct computation shows
(E®K)1®E)=¢(1®E)(E®K) and (K '@ F)(F®1)=¢F(Fo1) (K 'oF).

Thus, the elements F ® K and 1 ® E satisfy the relation of Exercise and we
have

AE)"=(1®E)+(E@K)" =Y ¢"" " [ Z } (1@ E)*(Eo K)" ",
k=0
Similarly, K~'® F and F ®1 satisfy the relation of Exercise[2.3.14/and the resulting
formula implies the exercise. (I

SOLUTION OF EXERCISE 2.3.45]l By Exercise U,(sly) is a pivotal Hopf
K-algebra with pivot ¢ = K. Then, by Proposition the category of finite
dimensional weight U, (sl2)-modules is a pivotal K-additive category.

The structure of this pivotal category restricts to a pivotal structure on its full
subcategory U, (slz)-mod: first, since A(K) = K ® K then the tensor product of
two objects of Uy (slz)-mody is an object of Uy(slz)-mod,. Second, since S(K) =
K~ then the dual of an object in U,(sl2)-mod is an object in Uy (slz)-mody. O

SOLUTION OF EXERCISE 2346l Let R =30 %q"m‘l)/QE"@F” be the

quasi R-matrix. Since E? acts by 0 in Sf‘ , the quasi R-matrix reduces to

- v1 ®vg + {1} vg ® vy if (4,75) = (1,0),
R(U¢®Uj)—(1+{1}E®F)Uz’®W—{vi@yfotéer}w?se. L= 0

lH , ®H . .
Also, ¢ st 7 7st (v ®vj) = ¢ v; ® v;. The trace (resp. right partial

trace) in € is the trace (resp. right partial trace) in vectQ @5 of the endomorphism

2

composed with the action of K (resp of 1 ® K). For the partial trace, this can be
computed in the basis by taking the trace of the 2 x 2 blocks composing the matrix.
|

SOLUTION OF EXERCISE 2.3.48l If a Ug(sl)-module V has a basis consisting
of weight vectors, then as a Zy-module, it is a direct sum of one dimensional (thus
simple) Zp-modules. Conversely, since Z; is commutative, simple Zp-modules have
dimension 1 and an element z € Z; acts by a scalar x(z) € C in such a module. So
if V' is a weight Ug(sl2)-module, we have V' = P, ¢ Vi where G = Hom,z(Zo, C) is
the set of algebra morphisms from Z, to Cand Vy, = {v € V : Vz € Zy, zv = x(2)v}.
Since K commutes with elements of Zy, for any x € G, V, is stable by K. Fur-
thermore, the minimal polynomial of the action of K in V, divides the polynomial
X" — x(KT") which has r distinct roots (since x(K") # 0). So the action of K in
V, is diagonalizable and V has a basis consisting of weight vectors. 0

SOLUTION OF EXERCISE 2.3.491 To see V is a Ug(slz)-module, the only non-
trivial relation to check is

pv(K — K1)

a

pv(E) o py(F) — pv(F) o py(E) —
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We can show this by evaluating it on wvy:

OIS TRV
{1} {1} {1}
_{K} <{k — 1}~ {k+ 1} + {1}(¢" +£"“)> _
= V = 0.
{1} {1}

If f is any morphism with source V', then for k =0,...,r — 1, we have f(vg) =
f(F*vy) = F¥ f(vg). Thus, f is determined by f(vo). In particular, if f € Endg(V),
since vy generates the weight space of weight 1 of V', there exists A € C such that
f(vg) = Mvg. Then, for k = 0,...,r — 1, we have f(vx) = FF(\y) = M, and
f = Aldy. Hence V is absolutely simple.

The vector vy is a highest weight vector that generates a proper submodule
of V with basis {vy : k =1,...,7 — 1}, so by Proposition V' is not simple.
Finally, if V' was semisimple, we would have dim¢(End (V) > 2 which is not the
case so V is not semisimple. O

SOLUTION OF EXERCISE [2.3.52] Here, we use the notion of a minimal poly-
nomial, see Subsection [1.3.2} To prove the exercise, it is enough to consider a
homogeneous module V' € %,. We choose a € C such that x(K") = £"*. Then,
the minimal polynomial of p(K) divides X" — £ = [];_, (X — £>2k). Since this
polynomial only has simple roots, p(K) is diagonalizable. [

SOLUTION OF EXERCISE [2.3.54] The first property follows from the fact that
G\ X is a non-empty Zariski open set of G. To see the second, we compute

« [ K —e
My = < © Kl—kTlpe )

Then, notice that (M})~! and M;_, are conjugate in the general linear group
GL2(C) and remark that a SLp(C) matrix is conjugate to its inverse. Hence, My
and M;,l have the same trace, which implies that X is symmetric. Finally, the
third property follows from the second property and the fact that a SLy(C) matrix
has distinct eigenvalues if and only if its trace is not +2. O

SOLUTION OF EXERCISE 2.3.611 Show that v,_; = F" lvy is non-zero and
conclude that dimg(V) = 7. For the last statement, show that vy = F?vq is a
highest weight vector and conclude that E""'F"~1 acts by 0.

[l

SoLUTION OF EXERCISE 2.3.621 For a 1-dimensional weight module V' € %,
we must have p(E) = p(F) = p(K — K~') = 0. Hence, its weight is +1, which
implies p(K") =1, p(E") = p(F") = 0 and thus x(8) = —1 (see Definition [2.3.53).
Then, the exercise follows from Lemma [

SOLUTION OF EXERCISE P.3.77 First, the element ¢ = K'~" is grouplike.
Since S? is a morphism of algebras, to show S?(z) = gzg~! for any x € U,(slp), it
is enough to show this when z is a generator which can be done as in the solution
of Exercise Thus, from Proposition we have € is a pivotal C-additive
category. [
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SoLuTION OF EXERCISE 2.3.78l First, for homogeneous elements z,z’,y,y" €
UgH (sl2), we have

Lyl '] [="]

Hod(w 2y Hot (@ @y) = (K~ ¥k~ T ) (yK~ 5y K7 )
|||v’| Jyy'] |||y’ | |za’
= (g 2 K 2 xz/) %) (Ei 2 yy,KiT‘)

= Heg (z2' @ yy'),
where in the second equality, we used the commutation relations of K and the
additivity of weights, i.e., |zz'| = |z| + |2/].
For the second equality, it is enough to look at the action on weight vectors
veV, weW of weight a and (3, respectively. Then,

Hylw (2 @ y)Hyw (v @ w))
_ H\;,IVV (EQTB o yw) _ g%ﬁf_mﬁw\);fmy\) o0 ® yw
=& eyt 0 ® 5_#;1/11) = K_%xv ® yK_%w

=H, (z@y)(vew).
O

SOLUTION OF EXERCISE [2.3.85] By Part 1 of Exercise we have kv =
Simv. Therefore,

r—1 r—1
Hv@w) = Z 9k @ kj(v@w) = Z 29 im0 jm (v @ W) = MM @ w.
1,§=0 4,5=0
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Solutions to Chapter 3: Ribbon graphs and the Reshetikhin-Turaev
functor

SoLUTION OF EXERCISE B.4.8 The solution to this exercise is analogous to
the proof of the second statement of Lemma In particular, one can replace
[¢;] in the proof of Lemma with [¢] here. The above proof applies because
here L is a circle component and in the proof of Lemma [3.4.5] all other strands only
involve a local crossing with L. O

SOLUTION OF EXERCISE B.4.13l For the first part, we have

(o) =400+ 47 =-#(()

() =a7() () +a( ) which implies,
A -4 (X)) = @ = 4() ()

For the second part, remark that if the total writhe of the link in the right-hand
side of Equation (3.4.4]) is w, then the two links in the left-hand side have total
writhe w 4+ 1 and w — 1, respectively. Then, the Jones skein relation implies that

V/ defines a ribbon link invariant which satisfies
(_A)73(w+1)+4vf(‘y\‘) _ (_A)73(w71)74vf(>\/) _ (_A)73w(A72 _ AZ)Vf(><)

which is equivalent to (3.4.4). Equation (3.4.5)) is a relation satisfied by the total
writhe.

Finally, since both are oriented ribbon link invariants, Lemma [3.4.11] implies
they coincide. O

then
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Solutions to Chapter 4: M-traces and the renormalized
Reshetikhin-Turaev invariant

SOLUTION OF EXERCISE [4.2.6l As in the proof of Theorem and Equation
(4.2.9) with V =W we have:

S'(V.)S' (U, v><vv> SV, v><v >

for all (2, 2)-ribbon €-graphs T whose open components are colored with V. [

SOLUTION OF EXERCISE [£.2.71 The first claim follows Exercise [£.2.61 For the
second claim assume J € B; then notice the definitions imply B C A(J). Con-
versely, let V' € A(J). Then, by definition of A(J) we have V is absolutely simple
and S'(J,V) # 0. Since J € B, we have V € B otherwise completeness of B would
imply S’(J,V) = 0. Thus, A(J) = B.

Lemma implies that dj/ is proportional to d;. More precisely, the proof

of this lemma implies d; = d"é,‘jl) dj/. Thus,
0

FUT) = V)TV = 2 4 (V) (13) =

and this completes the proof. O

SOLUTION OF EXERCISE [4.2.T8. We need to show that the family t satisfies
the left partial trace property. Let V € Z, W € € and g € Endg(W ® V). Then,

we have
w
twev(g) = tv-gw- V@ = ty= V@
WV 1%
\%

SoLUTION OF EXERCISE [£.22.24] Choose a box in (T'\ K )UKy UKy whose pre-
image is two small vertical edges which are portions of Ky and Ky, respectively.
Do a skein relation in this box which replaces the two small vertical edges with two
coupons filled with Idygw and its inverse is also equal to Idygw:

O

v w
VA AW = VQWw.

4 w

Similarly, the same box in 7" has a pre-image which is a small vertical portion of
K and do a skein relation which replaces this portion of K with two coupons filled
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with Idygw and its inverse also equal to Idy gw:

Vew

Vew
The resulting graphs are isotopic where the isotopy moves one of the coupons in

one of the graphs all the way around the component K. O

SOLUTION OF EXERCISE [£.2.25] The direct sum gives morphisms V Lve

W, Vvew Lv,w L vew, vaw L W such that go f = Idy, ¢’ o f = Idw,
and Idygw = fog+ f' og’. Then, we have a skein equivalence given by:

Vew =

Now, move by an isotopy the coupons colored by f and f’ all the way around the
distinguished closed component and then use the following skein equivalence:

which finishes the proof of the exercise. O

SOLUTION OF EXERCISE [£.2.261 Choose a box that intersects 7' in a small
vertical portion of K oriented down (in the box) and colored with V. Do a skein
relation in this box which replaces this portion of K with two coupons filled with
Idy+ and an edge colored by V*:

The same box intersects T’ in a small vertical portion of K oriented up and colored
with V* and we do a skein relation which replaces this portion of K with two
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coupons both filled with Idy« and an edge colored with V oriented down:

The resulting graphs are isotopic where the isotopy moves one of the coupons in
one of the graphs all the way around the component K. (I

SOLUTION OF EXERCISE [£.2.29] See the last part of the proof of Theorem
[6.4.41) where such a connected sum appears. O

SOLUTION OF EXERCISE [£.3.1l Let Z be a full subcategory which is stable
under retracts and V@ U € Z for any U € ¥ and V € Z. The braiding cy v :
URV — V®U is invertible and so U®V is aretract of VQU € Zthus U®V € 7.
The converse is true by definition. Finally, the last statement follows from the first
statement and the definition of Zy . O

SOLUTION OF EXERCISE 3.2
(1) Since U € Zy, there exists a retract Idy = (U 5 W, @V @ Wy LN U). It

W € Iy then there exists a retract Idy = (W LN W@ U ® W, LN W)
then there is a retract Idy = (W — W@ W1 @ V@ W[ @ W5 — W) thus,
W ely.

(2) Notice, Idy = (V vV, e VeV M V) is a retract imply-
ing V € Zy~. Then, the first property of the exercise implies Zy C Zy«.

Similarly, Idy- = (V* VEe Ve v VOV pe g
retract implying V* € Zy and so IV* C Zy. See also Proposmon 1215

O(

3 GlVGHIdU— U—>W1®V®W2—>U andIdU/: U —-W VR
1

Wi = U') let W{' = W1 W] and W2 Wo@W;. Then, W'V W] ~
(W1 QVW)e (W] VWi ®---. In particular, U @ U’ is a retract
of W/ @V @ Wj.

Idy = ®coevy

O

SOLUTION OF EXERCISE [£.3.4l Applying the definition of projective to f :
V — P and g = Idp we get a morphism h : P — V such that Idp = f o h. ([

SoLuTION OF EXERCISE [£.3.9] Let f € Endy(J ® J). By Proposition [1.2.47]
we have
ptr?(c;}, ofocyy)= ptrg(f).
But ¢y, ; commutes with Ende(J ® J) and so c}b ofocyy=1Ff. O
SOLUTION OF EXERCISE [£.3.15] This is a corollary of Lemma but we

give a direct proof here. First, since V' is projective then by Proposition [£.2.15] V*
is also projective. Then, by Lemma the ideal Proj is generated by V*, i.e.,
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Proj = Zy«. So there exists an object W in ¢ and morphisms a : P — V* @ W
and 8: V*® W — P such that § o« = Idp. Define
f = (Idy ®B) o (coevy @ Idw) o (evy @ Idw) o (Idy ®a).
(Il

SOLUTION OF EXERCISE 4.3.191 Hint: first show that one can define a bijec-
tion Ende (J* ® J) — Endy(J ® J) by

J J
—
J J
U
SoLUTION OF EXERCISE L3328 If U € ZF_, then V @ U € Z{f and Idy =
(U%V@UU—‘@U) is a retract. O

SOLUTION OF EXERCISE [£.3.36] Since P and @Q are projective, there exists
morphisms 7' : P — @ and p : Q — P such that m = go4’ and g = wop. Therefore,
7 = mo(pod') implying m = mwo(poi’)" for all n € N. Thus, poi’ is not nilpotent and
so by the Fitting Lemma[1.3.46] poi’ is invertible with inverse f (note by definition
Ende(P) is an indecomposable algebra). Set i = i’ o f then Idp = (P = Q & P)
is a retract. Moreover, we have

goi=mopoi=mopoi of=nm.

For the second statement, assume % is idempotent complete. Then, ¢ can be
completed to an isomorphism h = i@ j : P ® Q" — Q with poj = 0. Finally,
goh=mopo(i®j)=md0. U

SOLUTION OF EXERCISE [£.3.501 (1) The map f +— f(1g) gives a linear
bijection Hom rmoa(Hz, V) — V. Hence, f factors through any epimor-
phism W — V by choosing a preimage in W of f(1g).

(2) The map is a morphism since f o g(1y) = f(g(lg)ly) = g(lg)f(1x).
The right regular action R : H°? — Endgy_meq(H) is its inverse.
(3) As above Hom(Hp, 1) ~ K and ¢ is clearly a generator. By H-linearity, a
map 1 — H sends 1 to a left cointegral which is unique up to a scalar.
[l

SoLUTION OF EXERCISE [.3.55 If /7(]1,]1) = {0} then N s proper. Con-
versely, suppose .K)/ is proper. Then, there exists objects V, W in € and a morphism
f € Homg (V, W) such that f ¢ N(V,W). Then, f@1Idy = f ¢ ./V'(V, W) implies
Id; ¢ A'. Since € is sharp, Ende (1) = K1Id; and thus N/(1,1) = 0. O

SOLUTION OF EXE}SJISE 4.3.62] Hint: for this last exgcise, remark that for
an indecomposable non N -negligible object V' € €, we have N'(V, V) C J(V) where
J(V) is the Jacobson ideal of End¢ (V).

t
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Solutions to Chapter5: Ribbon 3-manifold invariants

SOLUTION OF EXERCISE [£.3.3] Using the diagrammatic definition of Subsec-
tion [3.4.1] we can compute the change of the linking matrix. A diagram of L’ is
obtained from a diagram of L by modifying it near every crossing c of L; as follows
(up to rotation of the picture):

X K K

where k # j. Hence, 1k(L’) ) where f is the linear endomorphism of the
space of matrices sendmg

Ejr—= Ejr+ Eik , Eyj— Erj+ Eki Ejj—= Ej;+Eij+Eji+ Eig,

and f leaves the other elementary matrices Ej , unchanged. Finally, one checks in
each case that f is indeed the linear map given by M — (I, + E;;)M (I, + E;;).
Since f corresponds to a change of basis for the quadratic form represented by a
symmetric matrix, Sylvester’s law of inertia implies that the signature (r,s) of the
linking matrix is not affected by a Kirby IT move. O

SOLUTION OF EXERCISE [5.4.71 We have

r—1 r—1

S — Z (gz)fszﬂ?k _ Z (52)(j*k)(j+k+1)_

j,k=0 J,k=0

The map (j, k) — ((T+1)(j+k) (T+1)(j7k)) is the inverse bijection. The sum can then

be rewritten ¥ = Z],k o (& ) J(k+L) =3 g;é (52(k+1))j and the sum over j
is zero unless k =r — 1. O

SOLUTION OF EXERCISE [5.4.11] Let v be a vertex of T, with incident edges
€1,...,en. Fori € {1,...n}, let g, = 1 if ¢; is incoming to v and &; = —1 otherwise.
Then, the cycle condition at v is ), c;wr(e;) = 0. Let S be the boundary of a
small 3-ball which is a neighborhood of v oriented with the “outward first” rule (see
Example [7.2.4). We can assume that S intersects each edge e; once transversally.
Let S be S minus a tubular neighborhood of the edges e, ..., e,. The following
picture is a representation of S:

+ldnky
$ E:J
i

Then, the boundary of S is the signed sum of the meridians of the edges
>or &i[m;] which is then 0 in Hy(M \ T,Z). Hence, Y, e;w([m;]) = 0 which
is equivalent to the boundary condition at v. O

SoLuTION OF EXERCISE [5.4.24l From Proposition[4.3.77]and Corollary [£.3:22]
we have that any generic simple S is right ambidextrous and d(S) is non-zero (note
that in generic degree, the simples are absolutely simple). Then, Theorem
implies that the m-trace is unique and non-degenerate (note here a right m-trace
is an m-trace because % is ribbon, see Proposition . (]
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SoLuTION OF Exercise 5425l For the first equality, compose ¢! |, on both
sides of Equation ([5.4.3). The other equality is analogous. O

SoLUTION OF EXERCISE [5.4.37] To see this one needs to replace the compo-
nent colored with W ® ¢ with two parallel copies colored with W and o¥, re-
spectively. Then, make two crossing changes (one with the strand colored with W
and the other with V', see Equation ) to pull the component colored with o*
above the whole diagram. Then, you will see an unknot with framing +1 colored
with o* which is equal to dime (o¥), since the twist is trivial on o*. O

SOLUTION OF EXERCISE [5.4.45l We show the first equality, the second is sim-
ilar. Since E acts as zero in ¥, the action of the quasi R-matrix on o* ® V is

trivial. Then, the braiding is given by 7 o 2P+ (H)®v(H) — 1 51‘1};2 1, @pv(H) _
rk
r o (I, ©7y (K T57)).
O

SOLUTION OF EXERCISE [5.4.47l Since C ®¢ C = C, it is enough and easy to

check the action of H is the same on ¢’ ® of and ¢/**. For the twist, Exercise
) 22k

5.4.45| gives that the braiding on ¢/ ® o is ¢ 1+<0% o 7 hence " ® 0% = (—1)5¢F7
(check this last equality by separating the cases e, = 0 and £, = 1). The pivot acts

2r(l—nr)k
on o* by multiplication by p,x(K'™") = ¢ 5 = (—1)%¢¥ so the twist on o is

the partial trace in C-vect of 7 which is the identity.
Then, for the module V,, of Lemma V,®c" is simple with highest weight
a+ 25 This implies V,, ® o ~ Va+% which is not isomorphic to V,, if k& # 0.
£e

1+ey
Finally, if V € % has a highest weight in @ = « + 27Z, from Exercise [5.4.45| we

2k 2rk
get cor v 0y or = py (K") e @ Idye = {1+ “Tdy ggk-
O

SOLUTION OF EXERCISE [5.4.48]

r—1 o o . r—1 , 4
¥y = (€2) F It S (52)<J—k>(y+k—1>
J,k=0 4,k=0
_ r—1 (62)m(m+2k—1) _ Til (fz)mz_mg (£2m)k
m,k=0 m=0 k=0

This last sum over k is zero unless £2™ = 1 which only happens for m = 0 if r is

odd. If 7 is even, then ¢ € 4Z and £™ = 1 for m = 0 and for m = r/2 so the
2

sum becomes r(1 + (52)T /44/2) = (14 —(—1)"/?) which is 0 if 7 € 4Z and 2r if

r €47 + 2. O

{ra}>

from Equation ([£2.10), S'(Va,Vs) = €8 {{Tg}}, and from the proof of Theorem

SOLUTION OF EXERCISE [5.4.49l Recall from Proposition[4.2.10] d(V,) = do et
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a?2—c
2.3.79, Oy, =& = where c = (r — 1)%
_r +Va T
1+EZ 1+e
Z d(Vag2; < a+2;{b’l> d(Vat2j)S" (Vayas, Va)Oy 19\7a+23

j=1
[

~

1+Eé 1+a[

_ Z do {a+23}§a(a+2j)£_02{c£ <a+2n —rd ¢ Z {a+23}€_2]

l+se 1+s[

= rdy ple X e e

But if e, = 1 then £20+5)-20+%)" = ¢2-2" 5o in any case Z;:l‘ £=2i-27°
.2 o
Tlee > (€2)’7 where €2 is a primitive 7*" root of unity. Also S )7 =
.2
> (€)™, thus

This is a generalized quadratic Gauss sum which is computed for example in
[BEWO98, Chapter 1] and satisfies (see Exercise [5.4.48)

. . 0 iflesz,
()7 =1 Vor ifted+8z,
j=1 /v otherwise.

Finally, a similar computation shows that dy ! A, is the complex conjugate of
dytA_.

SOLUTION OF EXERCISE [5.4.51] (1-3) Let by = p, by = g, then for i > 1,
a; is the smallest integer bigger or equal to i > 1 and b;y1 = a;b; —

bi—1 €{0,...,b; — 1} is coprime with b;. The strlctly decreasing sequence
b; ends with bn =1 and we set a,, = b,_1. By induction, for : =1,... n,
we have % = <a1,a2, A1, bel

(2) L is symmetric thus diagonalisable over R. If L& = A7 is an eigenvector
and if |v;] is its biggest coordinate in absolute value, then \v; = (L7); =
(a; —2)v; + (v; + vi—1) + (v; + v;+1) where the three terms have the same
sign as v;, hence A > 0.

(4) Since L is non-singular, w is unique. Then we can check for i = 2,...,n—1,
(Ld); = %(—l)i(—bi_l + ab; — bir1) = 0, (L&), = %(—1)”(—@1_1 +
anb,) = 0 and (L&)1 = 2 (—aiby + by) = 2h.

(5) Removing the last circle of the chain link, we have for i = 2,... n,
PO i) = 005 (Vo Vo) PGS and F(CR) = 08, (V)
en
F'(Cg) = d(V. N fraia}

{aia}’
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which is equivalent to the given formula.
O

SOLUTION OF EXERCISE [5.6.4l Since % is unimodular, there exists a projec-
tive cover (P, ) of 1. Then, since Idp, factors through G, we have Home (G, 1) #
{0}. Since 1 is simple, any non-zero morphism ¢ in Hom¢ (G, 1) is an epimor-
phism. Now, P ® P* is projective so gp factors through 5 and there exists
P ® P* 5 @ such that ev p = eg o é. Then, ep g = (€ ® Idp)(Idp ®coevp) is the
required map. (I

SOLUTION OF EXERCISE [5.6.22 Exercise implies 7' (. is Proj-skein

equivalent to a Proj-admissible ribbon bichrome %-graph 7" LI (; which contains a
coupon filled with a morphism . Up to isotopy we can pull this coupon close to
the 41 framed red unknot. Then, from the definition of twist non-degenerate and
since F is invariant under isotopy and skein relations we have

F(Tl_l (\ﬂ) :F(T’u@) = ALF(T) = AL F(T).
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Solutions to Chapter 6: Spherical 3-manifold invariants

SoLuTioN OF EXERCISE [6.2. 10l If Q € Proj, by Lemma(5.6.14] we have c%on
o L L < b . . . L
ev po (ptra(cp) ® Id) = (ptra(cg) ® Id) o coevg o ev p which implies ptrg(cg) =
Dldg. O

SOLUTION OF EXERCISE [6.2.111 Hint: If Py = 1 is the projective cover of 1,
define D as the unique scalar such that € o ptr&(cp,) = De. O



SOLUTIONS TO CHAPTER 7: TOPOLOGICAL QUANTUM FIELD THEORIES AND DECORATIONS

Solutions to Chapter 7: Topological Quantum Field Theories and
decorations

SOLUTION OF EXERCISE [7.3.8l For ¥ € Man,,, there is a natural choice of
dual for ¥ given by —X. Then, the duality morphisms are all given by the same
cylinder ¥ x [0,1] seen as cobordisms evy : (=X)UE — (), evy : DU (=X) — 0,
coevy : ) — LU (—X) and coevy, : § — (—X) L . O

SoLUTION OF EXERCISE [[.3.91 By Proposition and Exercise [7.3.8 we
have Cob,, 11 is a braided symmetric category which is also pivotal. The exer-
cise follows from noticing that the twist in this category is trivial:

ptré(cz’g) = ptrg(czyg) = Ids,

for any n-manifold 3. O

SOLUTION OF EXERCISE [7.6.4] (1) Idg, <f = h(f > Ids,) where h =
(f xIdp,17) : ¥1 x [0,1] = Xp x [0, 1].
(2) CroCy=(Cs,af)o(C,a9) = (Cs, af) 0 (g5 Cs,) = Cs, < (f 0 g).
(3) Since fo = f and f; = g are isotopic, they are smoothly isotopic. Choose
such a smooth isotopy f; with fo = f and f; = g. Then, h : (z,t) —
(fi—t o f~1(x),t) is a diffeomorphism such that Cy = h.Cy.

O
SOLUTION OF EXERCISE [7.6.101 (1) Themap f~'>—<f : Endgy; +1@2) —
End—— (%) is an isomorphism of monoids (with inverse f—< f~1)

Cob,, 41

thus, it sends the identity to the identity. Hence f~' > C~'§2 Qf ~ 551 0]

that C5 < f ~ f>Cg .
(2) 165 L S, then CoC; = (Cs, 4| f)o(Cy, algl) = Cs, o (If1>Cs, <lg]) ~

Cs, o (Cg, <|f]) <lgl = Cg, < (|f] o lg]) = Crq-

O

SOLUTION OF EXERCISE [[L7.7 Let (p,q) € M x N, let (vi,vs,...,vm) be
a direct basis of T,M and (wq,ws,...,w,) be a direct basis of T,N where v; is
an outgoing normal to M. Then, by definition of the orientation of boundaries,
(v2,...,Um) is a direct basis of T,0M. The orientation c is the one for which the
basis b = (va, ..., Um, w1, ..., wy) of T,0M & TyN =T, (OM x N) is direct and
the orientation ¢’ is the one for which the basis ' = (w1,...,wn,v2,...,0y) of
TyN @ T,0M = Ty p) (N x OM) is direct.

(1) To see if b = (va,...,Vpm,w,...,wy) is a direct basis of the boundary
of M x N, we add in first position the vector vy € T{; 4 (M x ON)
which is an outgoing normal vector to M x ON. The result is a ba-
sis (V1,2 ..., U, W1, ..., w,) which is a direct basis of M x N. So ¢ is
the orientation of 0M x N as the boundary of M x N.

(2) To see if b’ is a direct basis of the boundary of N x 9M, we add in first
position the vector v1 € T{q ) (N xIM) which is an outgoing normal vector
to NxOM. The result is a basis (v1, w1, ..., Wn, V2, ..., Uy) of NXM. The
orientation ¢’ of N x M is given by the direct basis (w1, ..., Wp¥1, ..., Vm, ).
These two orientations differ if and only if n is odd.

O
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SOLUTION OF EXERCISE [T.7.16l Use Item [ of Definition [7.5.5) O

SOLUTION OF EXERCISE [Z.7.201 Since V is bordism generated, it is generated
by vectors 7(C') € V() for decorated cobordisms C' : ) — 3 with |C| = C. Since

V has the index 1 surgery property, V() C Ver (X) where C# is obtained from
C by doing the connected sums of its components (see Lemma [7.7.17)). O

SOLUTION OF EXERCISE [7.8.11 From Theorem [5.6.23 we have B’ is an invari-
ant of Proj-admissible ribbon %-graphs in a closed connected 3-manifold. Then, it
follows that abO(M)Bbl(M)V”VChmm(M, T,n) is an invariant of the tuple (M, T, n)
since by and by are invariants of M. Moreover, the definition of Viprom is a
multiplicative extension of B’ to non-connected manifolds and the Betti num-
bers are additive under disjoint union as is the signature weight thus, the formula
abO(M)ﬂbl(M)'y"VChmm(M, T,n) defines a multiplicative invariant. O

SOLUTION OF EXERCISE [Z.8.2l The first homology of M is isomorphic to the
cokernel of the linking matrix. Hence, the rank of the linking matrix is equal to
m — by (M). On the other hand, The rank of the linking matrix is r + s which
implies m — b1 (M) = r + s. Also, a direct calculation shows AL A% = 75§75,
Using all these equalities we have

G—bo(M)—b1 (M) gn
AT A%
Thus, Equation (7.8.2)) follows from the definition on B’ (see Equation (5.6.10)). O

SoLUTION OF EXERCISE [.9.2] The solution is analogous to the solution of
Exercise [[.8.21 0

_ @—1—(m—r—s)—(r+s)5n—(r—s) — @—1—m6n—a"




SOLUTIONS TO CHAPTER 8: TOPOLOGICAL QUANTUM FIELD THEORIES FROM SKEIN MODULRS

Solutions to Chapter 8: Topological Quantum Field Theories from
skein modules

SOLUTION OF EXERCISE [8.3.5l This is Proposition 2.4 of [CGP23al. O

SOLUTION OF EXERCISE [.4.6l This is clear for the filling map yas,g» which is
directly computed by taking the m-trace of a cutting presentation. For the cutting
map Xprsn—1, this follows from the fact that the copairing associated to t’ is %
times the copairing associated to t. Finally, for the red meridian maps x p; gn-2, the
scalar \ appears because we introduce a chromatic map for each chromatic move.
Indeed, the defining identity for the chromatic map (see Equation implies
that a chromatic map associated to t' is A times a chromatic map associated to
t. O

SoLUTION oF EXERCISE BG.5l If € is chromatic compact, then Al = CAp,
thus Ap,og =goAp, = (" lgo Ag)“ = ("'Ap, and by Lemma 2), g is not
nilpotent thus, it is invertible.

If g is invertible, then there exists ¢ € K such that Aé)“ =g loAp =(g7to
1) oe = (Ap, (since n generates Home (1, Pp)) and ¢ # 0 since € is chromatic
non-degenerate. O






[AABY6]

[ACK25]

[ACKR20]

[ADO92]

[AG20]

[AGP21]

[AGPS18|

[AJ26]

[AK14]

[ALM14]

[AndO6]

[Ang24]

[AS00]

[AS18)

[Ati88]

[AU15)

Bibliography

B. Abdesselam, D. Arnaudon, and M. Bauer. Centre and representations of
uq(sl(2|1)) at roots of unity. J. Phys. A, 30(3):867-880, 1997, g-alg/9605015v3.
doi:10.1088/0305-4470/30/3/012.

Tomoyuki Arakawa, Thomas Creutzig, and Kazuya Kawasetsu. Weight representa-
tions of affine kac-moody algebras and small quantum groups. Advances in Math-
ematics, 477:110365, 2025. doi:https://doi.org/10.1016/j.aim.2025.110365.

Jean Auger, Thomas Creutzig, Shashank Kanade, and Matthew Rupert. Braided
tensor categories related to Bj vertex algebras. Comm. Math. Phys., 378(1):219-
260, 2020. doi:10.1007/s00220-020-03747-8.

Yasuhiro Akutsu, Tetsuo Deguchi, and Tomotada Ohtsuki. Invariants
of colored links. J. Knot Theory Ramifications, 1(2):161-184, 1992.
doi:10.1142/50218216592000094.

Cristina Ana-Maria Anghel and Nathan Geer. Modified Turaev-Viro invariants
from quantum s((2|1). J. Knot Theory Ramifications, 29(4):2050018, 47, 2020,
1705.03859v1. doi;10.1142/50218216520500182.

Cristina Ana-Maria Anghel, Nathan Geer, and Bertrand Patureau-Mirand. Rel-
ative (pre)-modular categories from special linear Lie superalgebras. J. Algebra,
586:479-525, 2021, 2010.13759v2. doi;10.1016/j.jalgebra.2021.06.035.

N. Aghaei, A. M. Gainutdinov, M. Pawelkiewicz, and V. Schomerus. Combinatorial
Quantisation of GL(1—1) Chern-Simons Theory I: The Torus, November 2018,
1811.09123| doi;10.48550/arXiv.1811.09123.

Cristina Ana-Maria Anghel and Andras Juhdsz. Quantum heegaard diagrams and
knot floer homology, 2026, 2601.08805. URL https://arxiv.org/abs/2601.08805.
Jorgen Ellegaard Andersen and Rinat Kashaev. A TQFT from quantum Te-
ichmiiller theory. Comm. Math. Phys., 330(3):887-934, 2014. doij10.1007/s00220-
014-2073-2.

Drazen Adamovic, Xianzu Lin, and Antun Milas. ADE subalgebras of the triplet
vertex algebra W (p): D-series. Internat. J. Math., 25(1):1450001, 34, April 2014,
1304.5711. doi:10.1142/S0129167X14500013,

Jorgen Ellegaard Andersen. Asymptotic faithfulness of the quantum SU(n) repre-
sentations of the mapping class groups. Ann. of Math. (2), 163(1):347-368, 2006.
doi:10.4007/annals.2006.163.347,

Cristina Ana-Maria Anghel. Coloured jones and alexander polynomials as topo-
logical intersections of cycles in configuration spaces. Advances in Mathematics,
459:109993, 2024. doithttps://doi.org/10.1016/j.aim.2024.109993.

Nicolds Andruskiewitsch and Hans-Jiirgen Schneider. Finite quantum groups and
Cartan matrices. Adv. Math., 154(1):1-45, 2000. doi;10.1006/aima.1999.1880.
Nicolds Andruskiewitsch and Christoph Schweigert. On unrolled Hopf alge-
bras. J. Knot Theory Ramifications, 27(10):1850053, 15, 2018, 1701.00153v1.
doi:10.1142/S0218216518500530.

Michael Atiyah. Topological quantum field theories. Inst. Hautes Etudes Sci. Publ.
Math., 68(68):175-186 (1989), 1988. doi{10.1007/BF02698547,

Jgrgen Ellegaard Andersen and Kenji Ueno. Construction of the Witten-
Reshetikhin-Turaev TQFT from conformal field theory. Invent. Math., 201(2):519—
559, 2015. doi:10.1007/s00222-014-0555-7.

31


http://arxiv.org/abs/q-alg/9605015v3
https://doi.org/10.1088/0305-4470/30/3/012
https://doi.org/https://doi.org/10.1016/j.aim.2025.110365
https://doi.org/10.1007/s00220-020-03747-8
https://doi.org/10.1142/S0218216592000094
http://arxiv.org/abs/1705.03859v1
https://doi.org/10.1142/S0218216520500182
http://arxiv.org/abs/2010.13759v2
https://doi.org/10.1016/j.jalgebra.2021.06.035
http://arxiv.org/abs/1811.09123
https://doi.org/10.48550/arXiv.1811.09123
http://arxiv.org/abs/2601.08805
https://arxiv.org/abs/2601.08805
https://doi.org/10.1007/s00220-014-2073-2
https://doi.org/10.1007/s00220-014-2073-2
http://arxiv.org/abs/1304.5711
https://doi.org/10.1142/S0129167X14500013
https://doi.org/10.4007/annals.2006.163.347
https://doi.org/https://doi.org/10.1016/j.aim.2024.109993
https://doi.org/10.1006/aima.1999.1880
http://arxiv.org/abs/1701.00153v1
https://doi.org/10.1142/S0218216518500530
https://doi.org/10.1007/BF02698547
https://doi.org/10.1007/s00222-014-0555-7

32

[Bar22)
[Bas11]

[BB04]

[BB11]

[BB18]

[BBG18]

[BBG21]

[BC25)

[BCDN23]

[BCGP14]

[BCGP16a]

[BCGP16]

[BDY5]

[BD21]

[BD22]

[BDM22]

[Bec23]

[BEWOS)

[BFK99)

[BFMNRS22]

BIBLIOGRAPHY

Bruce Bartlett. Three-dimensional tqfts via string-nets and two-dimensional
surgery, 2206.13262v1,

Stéphane Baseilhac. Quantum coadjoint action and the 6j-symbols of ugsla, Jan-
uary 2011, 1101.3440. doi:10.48550/ARXIV.1101.3440.

Stéphane Baseilhac and Riccardo Benedetti. Quantum hyperbolic invariants
of 3-manifolds with PSL(2,C)-characters. Topology, 43(6):1373-1423, 2004.
doi:10.1016/j.top.2004.02.001.

Stephane Baseilhac and Riccardo Benedetti. The kashaev and quantum hyperbolic
link invariants, January 2011,|1101.1851. doi:10.48550/ARXIV.1101.1851,

Manuel Bérenz and John Barrett. Dichromatic state sum models for four-
manifolds from pivotal functors. Comm. Math. Phys., 360(2):663-714, 2018.
doi:10.1007/s00220-017-3012-9.

Anna Beliakova, Christian Blanchet, and Nathan Geer. Logarithmic Hennings in-
variants for restricted quantum s((2). Algebr. Geom. Topol., 18(7):4329-4358, 2018,
1705.03083v2. doi:10.2140/agt.2018.18.4329.

Anna Beliakova, Christian Blanchet, and Azat M. Gainutdinov. Modified trace
is a symmetrised integral. Selecta Math. (N.S.), 27(3):Paper No. 31, 51, 2021,
1801.00321v2. doi;10.1007/s00029-021-00626-5.

Nicolas Bridges and Shawn Cui. Involutory hopf group-coalgebras and invariants
of flat bundles over 4-manifolds, 2025, 2503.08861. URL https://arxiv.org/abs/
2503.08861.

Andrew Ballin, Thomas Creutzig, Tudor Dimofte, and Wenjun Niu. 3d mirror
symmetry of braided tensor categories, 2023, 2304.11001. URL https://arxiv.
org/abs/2304.11001.

Christian Blanchet, Francesco Costantino, Nathan Geer, and Bertrand Patureau-
Mirand. Non semi-simple s[(2) quantum invariants, spin case. Acta Math. Vietnam.,
39(4):481-495, 2014, 1405.3490v1. doi:10.1007/s40306-014-0089-5.

Christian Blanchet, Francesco Costantino, Nathan Geer, and Bertrand Patureau-
Mirand. Non semi-simple TQFTs from unrolled quantum sl(2). In Proceedings of
the Gékova Geometry-Topology Conference 2015, pages 218-231. Gékova Geome-
try /Topology Conference (GGT), Gokova, 2016, 1605.07941v2,

Christian Blanchet, Francesco Costantino, Nathan Geer, and Bertrand Patureau-
Mirand. Non-semi-simple TQFTs, Reidemeister torsion and Kashaev’s invariants.
Adv. Math., 301:1-78, 2016, |1404.7289v1. doi:10.1016/j.aim.2016.06.003.

John C. Baez and James Dolan. Higher-dimensional algebra and topological quan-
tum field theory. J. Math. Phys., 36(11):6073-6105, 1995. doi:10.1063/1.531236.
Anna Beliakova and Marco De Renzi. Kerler-lyubashenko functors on 4-
dimensional 2-handlebodies. International Mathematics Research Notices, 02 2023,
2105.02789v2. doi:10.1093/imrn/rnac039. rnac039.

Anna Beliakova and Marco De Renzi. Refined bobtcheva-messia invariants
of 4-dimensional 2-handlebodies. In FEssays in geometry—dedicated to Norbert
A’Campo, volume 34 of IRMA Lect. Math. Theor. Phys., pages 387-431. EMS
Press, Berlin, 2023, 2205.11385v1.

Christian Blanchet, Marco De Renzi, and Jun Murakami. Diagrammatic con-
struction of representations of small quantum slz, October 2022, 1910.12427.
doi:10.1007/s00031-021-09670-z.

Jorge Becerra. Strictification and non-strictification of monoidal categories,
2303.16740v1.

Bruce C. Berndt, Ronald J. Evans, and Kenneth S. Williams. Gauss and Jacobi
sums. Canadian Mathematical Society Series of Monographs and Advanced Texts.
John Wiley & Sons, Inc., New York, 1998. A Wiley-Interscience Publication.
Doug Bullock, Charles Frohman, and Joanna Kania-Bartoszyriska. Understanding
the Kauffman bracket skein module. J. Knot Theory Ramifications, 8(3):265-277,
1999. doi:10.1142/S0218216599000183,

Ibrahima Bah, Daniel S. Freed, Gregory W. Moore, Nikita Nekrasov, Shlomo S.
Razamat, and Sakura Schafer-Nameki. A Panorama Of Physical Mathematics c.
2022, November 2022, 2211.04467. doi:10.48550/arXiv.2211.04467,


http://arxiv.org/abs/2206.13262v1
http://arxiv.org/abs/1101.3440
https://doi.org/10.48550/ARXIV.1101.3440
https://doi.org/10.1016/j.top.2004.02.001
http://arxiv.org/abs/1101.1851
https://doi.org/10.48550/ARXIV.1101.1851
https://doi.org/10.1007/s00220-017-3012-9
http://arxiv.org/abs/1705.03083v2
https://doi.org/10.2140/agt.2018.18.4329
http://arxiv.org/abs/1801.00321v2
https://doi.org/10.1007/s00029-021-00626-5
http://arxiv.org/abs/2503.08861
https://arxiv.org/abs/2503.08861
https://arxiv.org/abs/2503.08861
http://arxiv.org/abs/2304.11001
https://arxiv.org/abs/2304.11001
https://arxiv.org/abs/2304.11001
http://arxiv.org/abs/1405.3490v1
https://doi.org/10.1007/s40306-014-0089-5
http://arxiv.org/abs/1605.07941v2
http://arxiv.org/abs/1404.7289v1
https://doi.org/10.1016/j.aim.2016.06.003
https://doi.org/10.1063/1.531236
http://arxiv.org/abs/2105.02789v2
https://doi.org/10.1093/imrn/rnac039
http://arxiv.org/abs/2205.11385v1
http://arxiv.org/abs/1910.12427
https://doi.org/10.1007/s00031-021-09670-z
http://arxiv.org/abs/2303.16740v1
https://doi.org/10.1142/S0218216599000183
http://arxiv.org/abs/2211.04467
https://doi.org/10.48550/arXiv.2211.04467

[BG24]

[BGPR20]

[BGR18]

[BGR23]

[BH21]

[BH24]

[BHMV95]

[BJSS21]

[BKO1]

[BKLT00]

[BKN12]

[BL93]

[BL11]

[Bla92]

[Bla03)

[BMO6]

[BMO03]

[Bar95]

[BGY6]

BIBLIOGRAPHY 33

Jennifer Brown and Nathan Geer. Quantum invariants arising from Upsl(2|1) are
q-holonomic, March 2024, 2403.12882. doi;10.48550/arXiv.2403.12882.

Christian Blanchet, Nathan Geer, Bertrand Patureau-Mirand, and Nicolai
Reshetikhin. Holonomy braidings, biquandles and quantum invariants of links
with SL2(C) flat connections. Selecta Math. (N.S.), 26(2):Paper No. 19, 58, 2020,
1806.02787v1. doi;10.1007/s00029-020-0545-0L

Johannes Berger, Azat M. Gainutdinov, and Ingo Runkel. Modified traces for
quasi-hopf algebras. Journal of Algebra, 548:96-119, April 2020, 1812.10445v2.
doi:10.1016/j.jalgebra.2019.12.006.

Johannes Berger, Azat M. Gainutdinov, and Ingo Runkel. Non-semisimple
link and manifold invariants for symplectic fermions, July 2023, 2307.06069.
doi:10.48550/arXiv.2307.06069.

Anna Beliakova and Kazuhiro Hikami. Non-semisimple invariants and Habiro’s
series. In Topology and geometry—a collection of essays dedicated to Viadimir G.
Turaev, volume 33 of IRMA Lect. Math. Theor. Phys., pages 161-174. Eur. Math.
Soc., Zirich, 2021, 2009.13285v1. doi:10.4171/IRMA /33-1/10.

Jennifer Brown and Benjamin Haioun. Skein categories in non-semisimple settings.
Selecta Math. (N.S.), 32:34, June 2026, 2406.08956v1. doi:10.1007/s00029-026-
01143-z. arXiv:2406.08956.

C. Blanchet, N. Habegger, G. Masbaum, and P. Vogel. Topological quantum
field theories derived from the Kauffman bracket. Topology, 34(4):883-927, 1995.
doi:10.1016,/0040-9383(94)00051-4,

Adrien Brochier, David Jordan, Pavel Safronov, and Noah Snyder. Invert-
ible braided tensor categories. Algebr. Geom. Topol., 21(4):2107-2140, 2021.
doi:10.2140/agt.2021.21.2107.

Bojko Bakalov and Alexander Kirillov, Jr. Lectures on tensor categories and mod-
ular functors, volume 21 of University Lecture Series. American Mathematical
Society, Providence, RI, 2001. doi:10.1090/ulect/021l

Yuri Bespalov, Thomas Kerler, Volodymyr Lyubashenko, and Vladimir Turaev. In-
tegrals for braided hopf algebras. Journal of Pure and Applied Algebra, 148(2):113~
164, April 2000. doi:10.1016/s0022-4049(98)00169-8.

Brian D. Boe, Jonathan R. Kujawa, and Daniel K. Nakano. Complexity for mod-
ules over the classical Lie superalgebra gl(m|n). Compos. Math., 148(5):1561-1592,
2012. doii10.1112/S0010437X12000231.

Joan S. Birman and Xiao-Song Lin. Knot polynomials and Vassiliev’s invariants.
Invent. Math., 111(2):225-270, 1993. doii10.1007/BF01231287.

Anna Beliakova and Thang Le. On the unification of quantum 3-manifold invari-
ants. Introductury Lectures on Knot Theory (L. H. Kauffman, S. Lambropoulou,
S. Jablan, J. Przytycki, eds), vol. 46, World Scientific, New Jersey-London-
Singapore-Beijing-Shanghai-Kong Kong-Taipei-Chennai, 2012, pp. 1-21, 46:1-21,
June 2012, 1106.6298v1, doii10.1142/9789814313001-0001.

Christian Blanchet. Invariants on three-manifolds with spin structure. Comment.
Math. Helv., 67(3):406-427, 1992. doi:10.1007/BF02566511|

Christian Blanchet. Introduction to quantum invariants of 3-manifolds, topologi-
cal quantum field theories and modular categories. In Geometric and topological
methods for quantum field theory (Villa de Leyva, 2001), pages 228-264. World
Sci. Publ., River Edge, NJ, 2003. do0ii10.1142/9789812705068-0004.

C. Blanchet and G. Masbaum. Topological quantum field theories for surfaces with
spin structure. Duke Math. J., 82(2):229-267, 1996. doi:10.1215/S0012-7094-96-
08211-3l

Ivelina Bobtcheva and Maria Grazia Messia. HKR-type invariants of 4-
thickenings of 2-dimensional CW complexes. Algebr. Geom. Topol., 3:33-87, 2003.
doi:10.2140/agt.2003.3.33.

Dror Bar-Natan. On the Vassiliev knot invariants. Topology, 34(2):423-472, 1995.
doi:10.1016,/0040-9383(95)93237-2,

Dror Bar-Natan and Stavros Garoufalidis. On the Melvin-Morton-Rozansky con-
jecture. Invent. Math., 125(1):103-133, 1996. doi:10.1007/s002220050070.


http://arxiv.org/abs/2403.12882
https://doi.org/10.48550/arXiv.2403.12882
http://arxiv.org/abs/1806.02787v1
https://doi.org/10.1007/s00029-020-0545-0
http://arxiv.org/abs/1812.10445v2
https://doi.org/10.1016/j.jalgebra.2019.12.006
http://arxiv.org/abs/2307.06069
https://doi.org/10.48550/arXiv.2307.06069
http://arxiv.org/abs/2009.13285v1
https://doi.org/10.4171/IRMA/33-1/10
http://arxiv.org/abs/2406.08956v1
https://doi.org/10.1007/s00029-026-01143-z
https://doi.org/10.1007/s00029-026-01143-z
https://doi.org/10.1016/0040-9383(94)00051-4
https://doi.org/10.2140/agt.2021.21.2107
https://doi.org/10.1090/ulect/021
https://doi.org/10.1016/s0022-4049(98)00169-8
https://doi.org/10.1112/S0010437X12000231
https://doi.org/10.1007/BF01231287
http://arxiv.org/abs/1106.6298v1
https://doi.org/10.1142/9789814313001_0001
https://doi.org/10.1007/BF02566511
https://doi.org/10.1142/9789812705068_0004
https://doi.org/10.1215/S0012-7094-96-08211-3
https://doi.org/10.1215/S0012-7094-96-08211-3
https://doi.org/10.2140/agt.2003.3.33
https://doi.org/10.1016/0040-9383(95)93237-2
https://doi.org/10.1007/s002220050070

34

[BGRT00]

[BGRT02]

[Bon25]

[BP09)

[BP12]

[BD20)

[BR21]

[Bro97]

[Bul97]
[BV08]

[BW96)

[BW99]

[BW11]

[BW16]

[BWY21]

[BZL92]
[CC19)
[CCC23)

[CCFGH19)]

[CDGG24]

BIBLIOGRAPHY

Dror Bar-Natan, Stavros Garoufalidis, Lev Rozansky, and Dylan P. Thurston.
Wheels, wheeling, and the Kontsevich integral of the unknot. Israel J. Math.,
119:217-237, 2000. doi:10.1007/BF02810669.

Dror Bar-Natan, Stavros Garoufalidis, Lev Rozansky, and Dylan P. Thurston. The
arhus integral of rational homology 3-spheres. I. A highly non trivial flat connection
on S3. Selecta Math. (N.S.), 8(3):315-339, 2002. doi;10.1007/s00029-002-8108-0.
Joe Boninger. Knot floer homology, the burau representation, and quantum gl(1|1),
2025, 2509.15321. URL https://arxiv.org/abs/2509.15321.

Yuri Bahturin and DuSan Pagon. Classifying simple color Lie superalgebras. In
Algebras, representations and applications, volume 483 of Contemp. Math., pages
37-54. Amer. Math. Soc., Providence, RI, 2009. doi:10.1090/conm/483/09433.
Ivelina Bobtcheva and Riccardo Piergallini. On 4-dimensional 2-handlebodies
and 3-manifolds. J. Knot Theory Ramifications, 21(12):1250110, 230, 2012,
1108.2717v1, doii10.1142/S0218216512501106.

Christian Blanchet and Marco De Renzi. Modular categories and tqfts beyond
semisimplicity. In Athanase Papadopoulos and Vladimir G. Turaev, editors, Topol-
ogy and geometry—a collection of essays dedicated to Vladimir G. Turaev, vol-
ume 33 of IRMA Lect. Math. Theor. Phys., pages 175-208. Eur. Math. Soc., Ziirich,
Berlin, July 2021, 2011.12932v2. do0ij10.4171/IRMA/33-1/11. EMS Press an im-
print of the European Mathematical Society - EMS - Publishing House GmbH.
Stéphane Baseilhac and Philippe Roche. Unrestricted quantum moduli alge-
bras, ii: Noetherianity and simple fraction rings at roots of 1. Symmetry, In-
tegrability and Geometry: Methods and Applications, June 2024, 2106.04136v5.
doi:10.3842/SIGMA.2024.047.

Bogust aw Broda. A gauge-field approach to 3- and 4-manifold invariants. In Sym-
plectic singularities and geometry of gauge fields (Warsaw, 1995), volume 39 of
Banach Center Publ., pages 201-209. Polish Acad. Sci. Inst. Math., Warsaw, 1997.
Doug Bullock. Rings of SLa(C)-characters and the Kauffman bracket skein module.
Comment. Math. Helv., 72(4):521-542, 1997. doii10.1007/s000140050032.

Alain Bruguiéres and Alexis Virelizier. Categorical centers and Reshetikhin-Turaev
invariants. Acta Math. Vietnam., 33(3):255-277, 2008, 0812.2426v1.

John W. Barrett and Bruce W. Westbury. Invariants of piecewise-linear 3-
manifolds. Trans. Amer. Math. Soc., 348(10):3997-4022, 1996. doi:10.1090/S0002-
9947-96-01660-11

John W. Barrett and Bruce W. Westbury. Spherical categories. Adv. Math.,
143(2):357-375, 1999. do0ii10.1006/aima.1998.1800.

Francis Bonahon and Helen Wong. Quantum traces for representa-
tions of surface groups in SL3(C). Geom. Topol., 15(3):1569-1615, 2011.
doi:10.2140/gt.2011.15.1569.

Francis Bonahon and Helen Wong. Representations of the Kauffman bracket skein
algebra I: invariants and miraculous cancellations. Invent. Math., 204(1):195-243,
2016. doii10.1007/s00222-015-0611-y.

Francis Bonahon, Helen Wong, and Tian Yang. Asymptotics of quantum invariants
of surface diffeomorphisms i: conjecture and algebraic computations, December
2021, 2112.12852. doi:10.48550/ARXIV.2112.12852|

Jean-Michel Bismut and Weiping Zhang. An extension of a theorem by Cheeger and
Miiller. Astérisque, (205):235, 1992. With an appendix by Francois Laudenbach.
Liang Chang and Shawn X. Cui. On two invariants of three manifolds from Hopf
algebras. Adv. Math., 351:621-652, 2019. doi:10.1016/j.aim.2019.05.013.

Julian Chaidez, Jordan Cotler, and Shawn X. Cui. Combed trisection diagrams
and non-semisimple 4-manifold invariants, 2309.08461v3.

Miranda C. N. Cheng, Sungbong Chun, Francesca Ferrari, Sergei Gukov, and
Sarah M. Harrison. 3d modularity. J. High Energy Phys., 2019(10):010, 93, Oc-
tober 2019, 1809.10148. doi:10.1007/jhep10(2019)010.

Thomas Creutzig, Tudor Dimofte, Niklas Garner, and Nathan Geer. A QFT
for non-semisimple TQFT. Adv. Theor. Math. Phys., 28(1):161-405, 2024,
2112.01559v1. doi:10.4310/atmp.2024.v28.n1.a4,


https://doi.org/10.1007/BF02810669
https://doi.org/10.1007/s00029-002-8108-0
http://arxiv.org/abs/2509.15321
https://arxiv.org/abs/2509.15321
https://doi.org/10.1090/conm/483/09433
http://arxiv.org/abs/1108.2717v1
https://doi.org/10.1142/S0218216512501106
http://arxiv.org/abs/2011.12932v2
https://doi.org/10.4171/IRMA/33-1/11
http://arxiv.org/abs/2106.04136v5
https://doi.org/10.3842/SIGMA.2024.047
https://doi.org/10.1007/s000140050032
http://arxiv.org/abs/0812.2426v1
https://doi.org/10.1090/S0002-9947-96-01660-1
https://doi.org/10.1090/S0002-9947-96-01660-1
https://doi.org/10.1006/aima.1998.1800
https://doi.org/10.2140/gt.2011.15.1569
https://doi.org/10.1007/s00222-015-0611-y
http://arxiv.org/abs/2112.12852
https://doi.org/10.48550/ARXIV.2112.12852
https://doi.org/10.1016/j.aim.2019.05.013
http://arxiv.org/abs/2309.08461v3
http://arxiv.org/abs/1809.10148
https://doi.org/10.1007/jhep10(2019)010
http://arxiv.org/abs/2112.01559v1
https://doi.org/10.4310/atmp.2024.v28.n1.a4

[Cer64]
[Cer68]

[Cer70]

[CG17]

[CGHP23)

[CGHP26]

[CGP23b]

[CGP14]

[CGP15a]

[CGP15]

[CGP17)

[CGP23a]

[CGPT20]

[CGPV23b)]

[CGPV23a]

[CGR20]

[CGS22]

[CGV15]

[Cha21]
[CHMOg]

BIBLIOGRAPHY 35

Jean Cerf. La nullité de mo(DiffS3). In Séminaire Henri Cartan, 1962/63, chapter
Exp. 8-9-10-20-21. Secrétariat mathématique, Paris, 1964.

J. Cerf. Sur les difféomorphismes de la sphére de dimension trois I'y = 0, volume 53
of Lect. Notes Math. Springer, Cham, 1968. doi:10.1007/BFb0060395.

Jean Cerf. La stratification naturelle des espaces de fonctions différentiables réelles
et le théoréme de la pseudo-isotopie. Inst. Hautes Etudes Sci. Publ. Math., (39):5—
173, 1970. URL http://www.numdam.org/item?id=PMIHES_1970__39__5_0.
Thomas Creutzig and Terry Gannon. Logarithmic conformal field theory, log-
modular tensor categories and modular forms. J. Phys. A, 50(40):404004, 37, 2017.
doi:10.1088/1751-8121/aa8538.

Francesco Costantino, Nathan Geer, Benjamin Haloun, and Bertrand Patureau-
Mirand. Skein (3+1)-tqfts from non-semisimple ribbon categories, 2023,
2306.03225v 1.

Francesco Costantino, Nathan Geer, Benjamin Haioun, and Bertrand Patureau-
Mirand. Graded spherical skein 2+1-G-HQFT and modified Turaev-Viro invariants,
2026, [2603.23440. URL https://arxiv.org/abs/2603.23440.

Francesco Costantino, Sergei Gukov, and Pavel Putrov. Non-semisimple tqft’s and
bps g-series. SIGMA Symmetry Integrability Geom. Methods Appl., 19:Paper No.
010, 71, March 2023, 2107.14238v3. doi:10.3842/SIGMA.2023.010.

Francesco Costantino, Nathan Geer, and Bertrand Patureau-Mirand. Quantum
invariants of 3-manifolds via link surgery presentations and non-semi-simple cate-
gories. J. Topol., 7(4):1005-1053, 2014, 1202.3553v3. doi:10.1112/jtopol/jtu006.
Francesco Costantino, Nathan Geer, and Bertrand Patureau-Mirand. Re-
lations between Witten-Reshetikhin-Turaev and nonsemisimple s[(2) 3-
manifold invariants. Algebr. Geom. Topol., 15(3):1363-1386, 2015, 1310.2735v1.
doi:10.2140/agt.2015.15.1363.

Francesco Costantino, Nathan Geer, and Bertrand Patureau-Mirand. Some remarks
on the unrolled quantum group of s((2). J. Pure Appl. Algebra, 219(8):3238-3262,
2015, 1406.0410v3. doi;10.1016/j.jpaa.2014.10.012,

Francesco Costantino, Nathan Geer, and Bertrand Patureau-Mirand. Corrigendum
to “Some remarks on the unrolled quantum group of s[(2)” [J. Pure Appl. Algebra
219 (8) (2015) 3238-3262] [ MR3320217]. J. Pure Appl. Algebra, 221(3):749-750,
2017. doii10.1016/j.jpaa.2016.07.013.

Francesco Costantino, Nathan Geer, and Bertrand Patureau-Mirand. Admissible
skein modules, 2023, 2302.04493v1.

Francesco Costantino, Nathan Geer, Bertrand Patureau-Mirand, and Vladimir Tu-
raev. Kuperberg and Turaev-Viro invariants in unimodular categories. Pacific J.
Maith., 306(2):421-450, 2020, |1809.07991v2. doii10.2140/pjm.2020.306.421.
Francesco Costantino, Nathan Geer, Bertrand Patureau-Mirand, and Alexis Vire-
lizier. Chromatic maps for finite tensor categories, 2023, 2305.14626.

Francesco Costantino, Nathan Geer, Bertrand Patureau-Mirand, and Alexis Vire-
lizier. Non compact (2+41)-tqfts from non-semisimple spherical categories, 2023,
2302.04509.

Thomas Creutzig, Azat M. Gainutdinov, and Ingo Runkel. A quasi-Hopf algebra
for the triplet vertex operator algebra. Commun. Contemp. Math., 22(3):1950024,
71, December 2020, |1712.07260. doi:10.1142/5021919971950024X.

Dmitry Chernyak, Azat M. Gainutdinov, and Hubert Saleur. Ujgslz-invariant
non-compact boundary conditions for the xxz spin chain. Journal of High
Energy Physics, 2022(11):16, November 2022. URL lhttps://doi.org/10.1007/
JHEP11(2022) 016l

Francesco Costantino, Francois Guéritaud, and Roland van der Veen. On
the volume conjecture for polyhedra. Geom. Dedicata, 179:385-409, 2015.
do0i:10.1007/s10711-015-0086-4.

John Chae. Towards a g-series for osp(2—2n), |2106.09868v1l

Dorin Cheptea, Kazuo Habiro, and Gwénaél Massuyeau. A functorial LMO
invariant for Lagrangian cobordisms. Geom. Topol., 12(2):1091-1170, 2008.
doi:10.2140/gt.2008.12.1091,


https://doi.org/10.1007/BFb0060395
http://www.numdam.org/item?id=PMIHES_1970__39__5_0
https://doi.org/10.1088/1751-8121/aa8538
http://arxiv.org/abs/2306.03225v1
http://arxiv.org/abs/2603.23440
https://arxiv.org/abs/2603.23440
http://arxiv.org/abs/2107.14238v3
https://doi.org/10.3842/SIGMA.2023.010
http://arxiv.org/abs/1202.3553v3
https://doi.org/10.1112/jtopol/jtu006
http://arxiv.org/abs/1310.2735v1
https://doi.org/10.2140/agt.2015.15.1363
http://arxiv.org/abs/1406.0410v3
https://doi.org/10.1016/j.jpaa.2014.10.012
https://doi.org/10.1016/j.jpaa.2016.07.013
http://arxiv.org/abs/2302.04493v1
http://arxiv.org/abs/1809.07991v2
https://doi.org/10.2140/pjm.2020.306.421
http://arxiv.org/abs/2305.14626
http://arxiv.org/abs/2302.04509
http://arxiv.org/abs/1712.07260
https://doi.org/10.1142/S021919971950024X
https://doi.org/10.1007/JHEP11(2022)016
https://doi.org/10.1007/JHEP11(2022)016
https://doi.org/10.1007/s10711-015-0086-4
http://arxiv.org/abs/2106.09868v1
https://doi.org/10.2140/gt.2008.12.1091

36

[CHRY?24]

[CK12]

[CKY93]

[CLR23]

[CM13]

[CMMS21]

[CMR18]

[CMW17)

[CMY?21]

[CMY?22]

[CMY?23)

[CPY5)

[CR22]

[CRR23)

[CY93]

[CY18]

[DK90]

[DKP92]

[DKP93]

BIBLIOGRAPHY

Francesco Costantino, Matthew Harper, Adam Robertson, and Matthew B. Young.
Non-semisimple topological field theory and Z-invariants from osp(1]2), 2024,
2407.12181. URL https://arxiv.org/abs/2407.12181.

Jonathan Comes and Jonathan R. Kujawa. Modified traces on Deligne’s category
Rep(St). J. Algebraic Combin., 36(4):541-560, 2012. doij10.1007/s10801-012-0349-
1l

Louis Crane, Louis H. Kauffman, and David Yetter. Evaluating the Crane-Yetter
invariant. In Quantum topology, volume 3 of Ser. Knots Everything, pages 131-138.
World Sci. Publ., River Edge, NJ, 1993. doi:10.1142/9789812796387_0006.
Thomas Creutzig, Simon Lentner, and Matthew Rupert. An algebraic theory
for logarithmic kazhdan-lusztig correspondences, 2023, 2306.11492. URL https:
//arxiv.org/abs/2306.11492.

Francesco Costantino and Jun Murakami. On the SL(2,C) quantum 6j-symbols
and their relation to the hyperbolic volume. Quantum Topol., 4(3):303-351, 2013.
doi:10.4171/QT/41.

Kai-Chieh Chen, Calvin McPhail-Snyder, Scott Morrison, and Noah Sny-
der. Kashaev—Reshetikhin Invariants of Links, August 2021, 2108.06561.
doi:10.48550/arXiv.2108.06561,

Thomas Creutzig, Antun Milas, and Matt Rupert. Logarithmic link invariants of

Uf (sl2) and asymptotic dimensions of singlet vertex algebras. J. Pure Appl. Alge-
bra, 222(10):3224-3247, 2018. doi{10.1016/].jpaa.2017.12.004.

Thomas Creutzig, Antun Milas, and Simon Wood. On regularised quantum dimen-
sions of the singlet vertex operator algebra and false theta functions. Int. Math. Res.
Not. IMRN, (5):1390-1432, November 2017, |1411.3282. do0i;10.1093/imrn/rnw037.
Thomas Creutzig, Robert McRae, and Jinwei Yang. On ribbon categories for singlet
vertex algebras. Comm. Math. Phys., 387(2):865-925, 2021. doij10.1007/s00220-
021-04097-9.

Thomas Creutzig, Robert McRae, and Jinwei Yang. Tensor structure on
the Kazhdan-Lusztig category for affine gl(1|1). Int. Math. Res. Not. IMRN,
2022(16):12462-12515, April 2022. doi:10.1093/imrn/rnab080.

Thomas Creutzig, Robert McRae, and Jinwei Yang. Ribbon tensor structure on the
full representation categories of the singlet vertex algebras. Adv. Math., 413:Paper
No. 108828, 79, 2023. doi:10.1016/j.a1m.2022.108828.

Vyjayanthi Chari and Andrew Pressley. A guide to quantum groups. Cambridge
University Press, Cambridge, 1995. Corrected reprint of the 1994 original.
Thomas Creutzig and Matthew Rupert. Uprolling wunrolled quantum
groups. Commun. Contemp. Math., 24(4):Paper No. 2150023, 27, 2022.
doi:10.1142/50219199721500231.

Thomas Creutzig, David Ridout, and Matthew Rupert. A Kazhdan-Lusztig
correspondence for Lig(slg). Comm. Math. Phys., 400(1):639-682, 2023.

doi:10.1007/s00220-022-04602-8

Louis Crane and David Yetter. A categorical construction of 4D topological quan-
tum field theories. In Quantum topology, volume 3 of Ser. Knots Everything, pages
120-130. World Sci. Publ., River Edge, NJ, 1993. doi:10.1142/9789812796387_0005.
Qingtao Chen and Tian Yang. Volume conjectures for the Reshetikhin-
Turaev and the Turaev-Viro invariants. Quantum Topol., 9(3):419-460, 2018.
doi{10.4171/QT/111l

Corrado De Concini and Victor G. Kac. Representations of quantum groups at roots
of 1. In Operator algebras, unitary representations, enveloping algebras, and invari-
ant theory (Paris, 1989), volume 92 of Progr. Math., pages 471-506. Birkh&user
Boston, Boston, MA, 1990.

C. De Concini, V. G. Kac, and C. Procesi. Quantum coadjoint action. J. Amer.
Math. Soc., 5(1):151-189, 1992. do0ii10.2307/2152754.

C. De Concini, V. G. Kac, and C. Procesi. Some remarkable degenerations
of quantum groups. Comm. Math. Phys., 157(2):405-427, 1993. URL http://
projecteuclid.org/euclid.cmp/1104253947.


http://arxiv.org/abs/2407.12181
https://arxiv.org/abs/2407.12181
https://doi.org/10.1007/s10801-012-0349-1
https://doi.org/10.1007/s10801-012-0349-1
https://doi.org/10.1142/9789812796387_0006
http://arxiv.org/abs/2306.11492
https://arxiv.org/abs/2306.11492
https://arxiv.org/abs/2306.11492
https://doi.org/10.4171/QT/41
http://arxiv.org/abs/2108.06561
https://doi.org/10.48550/arXiv.2108.06561
https://doi.org/10.1016/j.jpaa.2017.12.004
http://arxiv.org/abs/1411.3282
https://doi.org/10.1093/imrn/rnw037
https://doi.org/10.1007/s00220-021-04097-9
https://doi.org/10.1007/s00220-021-04097-9
https://doi.org/10.1093/imrn/rnab080
https://doi.org/10.1016/j.aim.2022.108828
https://doi.org/10.1142/S0219199721500231
https://doi.org/10.1007/s00220-022-04602-8
https://doi.org/10.1142/9789812796387_0005
https://doi.org/10.4171/QT/111
https://doi.org/10.2307/2152754
http://projecteuclid.org/euclid.cmp/1104253947
http://projecteuclid.org/euclid.cmp/1104253947

[DPRRO5]

[Det23]

[DGGPR20]

[DK94]

[DKS25]

[DKS18]

[DM22a]

[DM22]

[DM24]

[DM24a)]

[DMW24]

[DN24]

[DeR17]

[DeR21]

[DeR22

[DGGPR22]

[DGP18)

[DGP20]

[Drig5)

[Drig6)

BIBLIOGRAPHY 37

C. De Concini, C. Procesi, N. Reshetikhin, and M. Rosso. Hopf algebras with
trace and representations. Invent. Math., 161(1):1-44, 2005. doij10.1007/s00222-
004-0405-0.

Renaud Detcherry. Non-semisimple quantum invariants and abelian classical shad-
ows, November 2023, 2311.03258. doi:10.48550/ARXIV.2311.03258.

Marco De Renzi, Azat M. Gainutdinov, Nathan Geer, Bertrand Patureau-Mirand,
and Ingo Runkel. Mapping class group representations from non-semisimple tqfts.
Commun. Contemp. Math., 25(1):Paper No. 2150091, 52, 2023, 2010.14852v2,
doi:10.1142/S0219199721500917.

Yurij A. Drozd and Vladimir V. Kirichenko. Finite-dimensional algebras. Springer-
Verlag, Berlin, 1994. doii10.1007/978-3-642-76244-4. Translated from the 1980 Rus-
sian original and with an appendix by Vlastimil Dlab.

Renaud Detcherry, Efstratia Kalfagianni, and Adam S. Sikora. Kauffman bracket
skein modules of small 3-manifolds. Advances in Mathematics, 467:110169, May
2025. doii10.1016/j.aim.2025.110169.

Renaud Detcherry, Efstratia Kalfagianni, and Tian Yang. Turaev-Viro invariants,
colored Jones polynomials, and volume. Quantum Topol., 9(4):775-813, 2018.
doi:10.4171/QT/120.

Marco De Renzi and Jules Martel. Homological Construction of Quan-
tum Representations of Mapping Class Groups, December 2022, 2212.10940.
doi:10.48550/arXiv.2212.10940.

Marco De Renzi and Jun Murakami. Non-semisimple 3-manifold invariants de-
rived from the Kauffman bracket. Quantum Topol., 13(2):255-333, July 2022,
2007.10831} do0ii10.4171/qt/164,

Marco De Renzi and Jules Martel. On Integrality of Non-Semisimple Quan-
tum Representations of Mapping Class Groups, July 2024, 2407.20644.
doi:10.48550/arXiv.2407.20644.

Renaud Detcherry and Jules Martel. On kernels of homological representations of
mapping class groups, May 2024, 2405.06748. doi:10.48550/arXiv.2405.06748.
Marco De Renzi, Jules Martel, and Bangxin Wang. Hennings tqfts for cobordisms
decorated with cohomology classes, 2402.05103v1.

Tudor Dimofte and Wenjun Niu. Tannakian qft: from spark algebras to quantum
groups, 2024, 2411.04194. URL https://arxiv.org/abs/2411.04194.

Marco De Renzi. Quantum invariants of 3-manifolds arising from non-
semisimple categories. Bulletin of the Chelyabinsk State University, Math-
ematics, Mechanics, Informatics, 17(3):26-40, March 2017, 1703.07319v1.
doi:10.48550/ARXIV.1703.07319.

Marco De Renzi. Extended TQFTs from non-semisimple modular cat-
egories. Indiana Univ. Math. J., 70(5):1769-1811, 2021, 2103.04724v2.
doi:10.1512/iumj.2021.70.9364,

Marco De Renzi. Non-semisimple extended topological quantum field the-
ories. Mem. Amer. Math. Soc., 277(1364):v+161, 2022, 1703.07573v4.
d0i:10.1090/memo/1364.

Marco De Renzi, Azat M. Gainutdinov, Nathan Geer, Bertrand Patureau-
Mirand, and Ingo Runkel. 3-Dimensional TQFTs from non-semisimple modular
categories. Selecta Math. (N.S.), 28(2):Paper No. 42, 60, 2022, 1912.02063v3|
doi:10.1007/s00029-021-00737-z.

Marco De Renzi, Nathan Geer, and Bertrand Patureau-Mirand. Renormalized Hen-
nings invariants and 2 + 1-TQFTs. Comm. Math. Phys., 362(3):855-907, 2018,
1707.08044v3. doi;10.1007/s00220-018-3187-8|

Marco De Renzi, Nathan Geer, and Bertrand Patureau-Mirand. Nonsemisimple
quantum invariants and TQFTs from small and unrolled quantum groups. Algebr.
Geom. Topol., 20(7):3377-3422, 2020, 1812.10685v2. doii10.2140/agt.2020.20.3377.
V. G. Drinfel’d. Hopf algebras and the quantum Yang-Baxter equation. Dokl. Akad.
Nauk SSSR, 283(5):1060-1064, 1985.

V. G. Drinfel’d. Quantum groups. Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst.
Steklov. (LOMI), 155(Differentsial "naya Geometriya, Gruppy Li i Mekh. VIII):18—
49, 193, 1986. doi:10.1007/BF01247086.


https://doi.org/10.1007/s00222-004-0405-0
https://doi.org/10.1007/s00222-004-0405-0
http://arxiv.org/abs/2311.03258
https://doi.org/10.48550/ARXIV.2311.03258
http://arxiv.org/abs/2010.14852v2
https://doi.org/10.1142/S0219199721500917
https://doi.org/10.1007/978-3-642-76244-4
https://doi.org/10.1016/j.aim.2025.110169
https://doi.org/10.4171/QT/120
http://arxiv.org/abs/2212.10940
https://doi.org/10.48550/arXiv.2212.10940
http://arxiv.org/abs/2007.10831
https://doi.org/10.4171/qt/164
http://arxiv.org/abs/2407.20644
https://doi.org/10.48550/arXiv.2407.20644
http://arxiv.org/abs/2405.06748
https://doi.org/10.48550/arXiv.2405.06748
http://arxiv.org/abs/2402.05103v1
http://arxiv.org/abs/2411.04194
https://arxiv.org/abs/2411.04194
http://arxiv.org/abs/1703.07319v1
https://doi.org/10.48550/ARXIV.1703.07319
http://arxiv.org/abs/2103.04724v2
https://doi.org/10.1512/iumj.2021.70.9364
http://arxiv.org/abs/1703.07573v4
https://doi.org/10.1090/memo/1364
http://arxiv.org/abs/1912.02063v3
https://doi.org/10.1007/s00029-021-00737-z
http://arxiv.org/abs/1707.08044v3
https://doi.org/10.1007/s00220-018-3187-8
http://arxiv.org/abs/1812.10685v2
https://doi.org/10.2140/agt.2020.20.3377
https://doi.org/10.1007/BF01247086

38

[DSS20]
[Dec24]
[Dec25]

[EG07]

[EG09)]

BIBLIOGRAPHY

Christopher L. Douglas, Christopher Schommer-Pries, and Noah Snyder. Du-
alizable tensor categories. Mem. Amer. Math. Soc., 268(1308):vii+88, 2020.
doi{10.1090/memo /1308,

Thibault Décoppet. Higher verlinde categories: The mixed case, 2407.20211v2.
Thibault Décoppet. Relative invertibility and full dualizability of finite braided
tensor categories, June 2025, 2506.16241. doi:10.48550/ ARXIV.2506.16241.

Pavel Etingof and Nathan Geer. Monodromy of trigonometric KZ equations. Int.
Math. Res. Not. IMRN, (24):Art. ID rnm123, 15, October 2007, math/0611003v1l
doi{10.1093/imrn/rnm123.

Benjamin Enriquez and Nathan Geer. Compatibility of quantization functors of Lie
bialgebras with duality and doubling operations. Selecta Math. (N.S.), 15(1):1-59,
2009. doii10.1007/s00029-008-0065-9.

[EGHLSVY11] Pavel Etingof, Oleg Golberg, Sebastian Hensel, Tiankai Liu, Alex Schwend-

[EGNO15]

[ENOO05)

[EPV19]

[FK94]

[FKL19]

[FKV97]

[FR79)]
[Frel3]
[FS10]

[FWWO02]

[FY89)

[FYHLMOS85]

[Gar23]

[Gee04]

ner, Dmitry Vaintrob, and Elena Yudovina. Introduction to representation the-
ory, volume 59 of Student Mathematical Library. American Mathematical Society,
Providence, RI, 2011. doi:10.1090/stml/059. With historical interludes by Slava
Gerovitch.

Pavel Etingof, Shlomo Gelaki, Dmitri Nikshych, and Victor Ostrik. Tensor cate-
gories, volume 205 of Mathematical Surveys and Monographs. American Mathe-
matical Society, Providence, RI, 2015. doi:10.1090/surv/205.

Pavel Etingof, Dmitri Nikshych, and Viktor Ostrik. On fusion cat-
egories. Ann. of Math. (2), 162(2):581-642, 2005, |math/0203060v11.
doi:10.4007 /annals.2005.162.581,

Alexander P. Ellis, Ina Petkova, and Vera Vértesii Quantum gll—1
and tangle floer homology. Advances in Mathematics, 350:130—189, 2019.
doithttps://doi.org/10.1016/j.aim.2019.04.023.

L. D. Faddeev and R. M. Kashaev. Quantum dilogarithm. Modern Physics Letters
A, 09(05):427-434, 1994, hep-th/9310070v1. doi:10.1142/S0217732394000447.
Charles Frohman, Joanna Kania-Bartoszynska, and Thang Lé. Unicity for repre-
sentations of the Kauffman bracket skein algebra. Invent. Math., 215(2):609-650,
2019. doi;10.1007/s00222-018-0833-x.

José M. Figueroa-O’Farrill, Takashi Kimura, and Arkady Vaintrob. The universal
Vassiliev invariant for the Lie superalgebra gl(1|1). Comm. Math. Phys., 185(1):93—
127, 1997. doi:10.1007/s002200050083

Roger Fenn and Colin Rourke. On Kirby’s calculus of links. Topology, 18(1):1-15,
1979. doii10.1016,/0040-9383(79)90010-7.

Daniel S. Freed. The cobordism hypothesis. Bull. Amer. Math. Soc. (N.S.),
50(1):57-92, 2013. doi:10.1090/S0273-0979-2012-01393-9.

Jirgen Fuchs and Christoph Schweigert. Hopf algebras and finite tensor categories
in conformal field theory. Rev. Un. Mat. Argentina, 51(2):43-90, 2010,/1004.3405v3.
Michael H. Freedman, Kevin Walker, and Zhenghan Wang. Quantum SU(2) faith-
fully detects mapping class groups modulo center. Geom. Topol., 6:523-539, 2002.
doi:10.2140/gt.2002.6.523.

Peter J Freyd and David N Yetter. Braided compact closed categories with applica-
tions to low dimensional topology. Advances in Mathematics, 77(2):156-182, 1989.
doi:https://doi.org/10.1016,/0001-8708(89)90018-2.

P. Freyd, D. Yetter, J. Hoste, W. B. R. Lickorish, K. Millett, and A. Ocneanu.
A new polynomial invariant of knots and links. Bull. Amer. Math. Soc. (N.S.),
12(2):239-246, 1985. doi:10.1090/S0273-0979-1985-15361-3.

Niklas Garner. Vertex operator algebras and topologically twisted Chern-Simons-
matter theories. J. High Energy Phys., 2023(8):Paper No. 25, 46, August 2023,
2204.02991. doi:10.1007/jhep08(2023)025.

Nathan Geer. Link invariants, quantized superalgebras and the Kontse-
vich integral. ProQuest LLC, Ann Arbor, MI, 2004. URL http://gateway.
proquest.com/openurl?url_ver=739.88-2004&rft_val_fmt=info:ofi/fmt:kev:
mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:3136414. Thesis
(Ph.D.)—University of Oregon.


https://doi.org/10.1090/memo/1308
http://arxiv.org/abs/2407.20211v2
http://arxiv.org/abs/2506.16241
https://doi.org/10.48550/ARXIV.2506.16241
http://arxiv.org/abs/math/0611003v1
https://doi.org/10.1093/imrn/rnm123
https://doi.org/10.1007/s00029-008-0065-9
https://doi.org/10.1090/stml/059
https://doi.org/10.1090/surv/205
http://arxiv.org/abs/math/0203060v11
https://doi.org/10.4007/annals.2005.162.581
https://doi.org/https://doi.org/10.1016/j.aim.2019.04.023
http://arxiv.org/abs/hep-th/9310070v1
https://doi.org/10.1142/S0217732394000447
https://doi.org/10.1007/s00222-018-0833-x
https://doi.org/10.1007/s002200050083
https://doi.org/10.1016/0040-9383(79)90010-7
https://doi.org/10.1090/S0273-0979-2012-01393-9
http://arxiv.org/abs/1004.3405v3
https://doi.org/10.2140/gt.2002.6.523
https://doi.org/https://doi.org/10.1016/0001-8708(89)90018-2
https://doi.org/10.1090/S0273-0979-1985-15361-3
http://arxiv.org/abs/2204.02991
https://doi.org/10.1007/jhep08(2023)025
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:3136414
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:3136414
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:3136414

[Gee05]

[Gee06]

[Gee0T]

[Geeld]

[Ger96]

[Ger01]

[GGO1]

[GGY25)

[GHKKST25)

[GHKST25a]

[GHNPPS21]

[GHP22)

[GHP23]

[GJS23]

[GK24]

[GKP11]

[GKP13]

[GKP22]

[GKT12]

BIBLIOGRAPHY 39

Nathan Geer. The Kontsevich integral and quantized Lie superalgebras. Algebr.
Geom. Topol., 5:1111-1139, 2005, math/0411053v2. doi;10.2140/agt.2005.5.1111.
Nathan Geer. Etingof-Kazhdan quantization of Lie superbialgebras. Adv. Math.,
207(1):1-38, 2006, math/0409563v2. doi:10.1016/j.aim.2005.11.005,

Nathan Geer. Some remarks on quantized Lie superalgebras of classical type. J.
Algebra, 314(2):565-580, 2007. doi;10.1016/j.jalgebra.2006.10.045,

Nathan Geer. The Kontsevich integral and re-normalized link invariants arising
from Lie superalgebras. In Knots in Poland. III. Part 1, volume 100 of Banach Cen-
ter Publ., pages 79—-84. Polish Acad. Sci. Inst. Math., Warsaw, 2014, 0904.0408v1.
doi:10.4064 /bc100-0-4L

Sylvain Gervais. Presentation and central extensions of mapping class groups.
Transactions of the American Mathematical Society, 348(8):3097-3132, 1996. URL
http://www.jstor.org/stable/2155125,

Sylvain Gervais. A finite presentation of the mapping class group of a punc-
tured surface. Topology, 40(4):703—725, 2001. doi:https://doi.org/10.1016/S0040-
9383(99Y00079-8|

Stavros Garoufalidis, Mikhail Goussarov, and Michael Polyak. Calculus of
clovers and finite type invariants of 3-manifolds. Geom. Topol., 5:75-108, 2001.
doi:10.2140/gt.2001.5.75.

Niklas Garner, Nathan Geer, and Matthew B. Young. B-twisted Gaiotto-Witten
theory and topological quantum field theory. Comm. Math. Phys., 406(2):Paper
No. 29, 51, February 2025. doii10.1007/s00220-024-05211-3|

Stavros Garoufalidis, Matthew Harper, Rinat Kashaev, Ben-Michael Kohli, Jiebo
Song, and Guillaume Tahar. Skein theory for the links-gould polynomial, May 2025,
2505.19251. doi:10.48550/ARXIV.2505.19251.

Stavros Garoufalidis, Matthew Harper, Ben-Michael Kohli, Jiebo Song, and Guil-
laume Tahar. Extending knot polynomials of braided hopf algebras to links, 2025,
2505.01398. URL https://arxiv.org/abs/2505.01398,

Sergei Gukov, Po-Shen Hsin, Hiraku Nakajima, Sunghyuk Park, Du Pei, and
Nikita Sopenko. Rozansky-Witten geometry of Coulomb branches and loga-
rithmic knot invariants. J. Geom. Phys., 168:Paper No. 104311, 22, 2021.
doi:10.1016/j.geomphys.2021.104311,

Nathan Geer, Ngoc Phu Ha, and Bertrand Patureau-Mirand. Modified graded
Hennings invariants from unrolled quantum groups and modified integral.
J. Pure Appl. Algebra, 226(3):Paper No. 106815, 46, 2022, 2006.12050v1l
doi:10.1016/j.jpaa.2021.106815,

Nathan Geer, Ngoc Phu Ha, and Bertrand Patureau-Mirand. Modified sym-
metrized integral in G-coalgebras. Journal of Knot Theory and Its Ramifications,
32(14):2350082, December 2023, https://doi.org/10.1142/50218216523500827.
doi:10.1142/50218216523500827.

Sam Gunningham, David Jordan, and Pavel Safronov. The finiteness conjecture
for skein modules. Invent. Math., 232(1):301-363, 2023. doi:10.1007/s00222-022-
01167-0.

Stavros Garoufalidis and Rinat Kashaev. Multivariable knot polynomials from
braided hopf algebras with automorphisms, November 2024, 2311.11528.
doi:10.48550/ARXIV.2311.11528,

Nathan Geer, Jonathan Kujawa, and Bertrand Patureau-Mirand. Generalized trace
and modified dimension functions on ribbon categories. Selecta Math. (N.S.),
17(2):453-504, 2011, [1001.0985v1. doi:10.1007/s00029-010-0046-7.

Nathan Geer, Jonathan Kujawa, and Bertrand Patureau-Mirand. Ambidextrous
objects and trace functions for nonsemisimple categories. Proc. Amer. Math. Soc.,
141(9):2963-2978, 2013, 1106.4477v3. doi;10.1090/S0002-9939-2013-11563-7.
Nathan Geer, Jonathan Kujawa, and Bertrand Patureau-Mirand. M-traces in (non-
unimodular) pivotal categories. Algebr. Represent. Theory, 25(3):759-776, 2022,
1809.00499v2. doi:10.1007/s10468-021-10044-y.

Nathan Geer, Rinat Kashaev, and Vladimir Turaev. Tetrahedral forms in monoidal
categories and 3-manifold invariants. J. Reine Angew. Math., 673:69-123, 2012,
1008.3103v2. doii10.1515/crelle.2011.171,


http://arxiv.org/abs/math/0411053v2
https://doi.org/10.2140/agt.2005.5.1111
http://arxiv.org/abs/math/0409563v2
https://doi.org/10.1016/j.aim.2005.11.005
https://doi.org/10.1016/j.jalgebra.2006.10.045
http://arxiv.org/abs/0904.0408v1
https://doi.org/10.4064/bc100-0-4
http://www.jstor.org/stable/2155125
https://doi.org/https://doi.org/10.1016/S0040-9383(99)00079-8
https://doi.org/https://doi.org/10.1016/S0040-9383(99)00079-8
https://doi.org/10.2140/gt.2001.5.75
https://doi.org/10.1007/s00220-024-05211-3
http://arxiv.org/abs/2505.19251
https://doi.org/10.48550/ARXIV.2505.19251
http://arxiv.org/abs/2505.01398
https://arxiv.org/abs/2505.01398
https://doi.org/10.1016/j.geomphys.2021.104311
http://arxiv.org/abs/2006.12050v1
https://doi.org/10.1016/j.jpaa.2021.106815
http://arxiv.org/abs/https://doi.org/10.1142/S0218216523500827
https://doi.org/10.1142/S0218216523500827
https://doi.org/10.1007/s00222-022-01167-0
https://doi.org/10.1007/s00222-022-01167-0
http://arxiv.org/abs/2311.11528
https://doi.org/10.48550/ARXIV.2311.11528
http://arxiv.org/abs/1001.0985v1
https://doi.org/10.1007/s00029-010-0046-7
http://arxiv.org/abs/1106.4477v3
https://doi.org/10.1090/S0002-9939-2013-11563-7
http://arxiv.org/abs/1809.00499v2
https://doi.org/10.1007/s10468-021-10044-y
http://arxiv.org/abs/1008.3103v2
https://doi.org/10.1515/crelle.2011.171

40

[GLO5]
[GL15]

[GLPS22]

[GLPS22a)

[GLPS22b)]

[GLPS24]

[LGY6]

[GN23]

[GN24]

[GPO7]

[GPOS]

[GP08al

[GP10]

[GP11]

[GP13a]

[GP13]

[GP18]

[GPR25]

[GPT09)

BIBLIOGRAPHY

Stavros Garoufalidis and Thang T. Q. Lé. The colored Jones function is g¢-
holonomic. Geom. Topol., 9:1253-1293, 2005. doii10.2140/gt.2005.9.1253,

Stavros Garoufalidis and Thang T. Q. Lé. Nahm sums, stability and the colored
Jones polynomial. Res. Math. Sci., 2:Art. 1, 55, 2015. doij10.1186/2197-9847-2-1|
Nathan Geer, Aaron D. Lauda, Bertrand Patureau-Mirand, and Joshua Sussan. A
Hermitian TQFT from a non-semisimple category of quantum s[(2)-modules. Lett.
Math. Phys., 112(4):Paper No. 74, 27, 2022. doi:10.1007/s11005-022-01570-x.
Nathan Geer, Aaron D. Lauda, Bertrand Patureau-Mirand, and Joshua Sussan.
Pseudo-Hermitian Levin-Wen models from non-semisimple TQFTs. Ann. Physics,
442:Paper No. 168937, 33, 2022, 2108.10798v1. doi:10.1016/j.a0p.2022.168937.
Nathan Geer, Aaron D. Lauda, Bertrand Patureau-Mirand, and Joshua Sussan.
Non-semisimple levin—wen models and hermitian tqfts from quantum (su-
per)groups. Journal of the London Mathematical Society, 109(1):€12853, January
2024, https://londmathsoc.onlinelibrary.wiley.com/doi/pdf/10.1112/jlms.12853,
doizhttps://doi.org/10.1112/jlms. 12853,

Nathan Geer, Aaron Lauda, Bertrand Patureau-Mirand, and Joshua Sussan.
Density and unitarity of the Burau representation from a non-semisimple tqft.
Canadian Journal of Mathematics, page 1-29, February 2025, 2402.13242v]1.
doi:10.4153/S0008414X25101235.

Mark D. Gould, Jon R. Links, and Yao-Zhong Zhang. Type-i quantum super-
algebras, g-supertrace, and two-variable link polynomials. Journal of Mathe-
matical Physics, 37(2):987-1003, 02 1996, https://pubs.aip.org/aip/jmp/article-
pdf/37/2/987/19052584 /987_1 _online.pdf. doii10.1063/1.531422.

Niklas Garner and Wenjun Niu. Line operators in u(1]|1) chern-simons theory,
2304.05414v2l.

Terry Gannon and Cris Negron. Quantum SL(2) and logarithmic vertex operator
algebras at (p,1)-central charge. Journal of the European Mathematical Society,
June 2024. doi;10.4171/jems/1489.

Nathan Geer and Bertrand Patureau-Mirand. Multivariable link invariants arising
from s[(2|1) and the Alexander polynomial. J. Pure Appl. Algebra, 210(1):283-298,
2007. doii10.1016/j.jpaa.2006.09.015.

Nathan Geer and Bertrand Patureau-Mirand. An invariant supertrace for the cate-
gory of representations of Lie superalgebras of type 1. Pacific J. Math., 238(2):331—
348, 2008, 10711.4231v1. doi:10.2140/pjm.2008.238.331,

Nathan Geer and Bertrand Patureau-Mirand. On the colored HOMFLY-PT, multi-
variable and Kashaev link invariants. Commun. Contemp. Math., 10(suppl. 1):993—
1011, 2008, 0711.4226v1. doii10.1142/S0219199708003125.

Nathan Geer and Bertrand Patureau-Mirand. Multivariable link invariants arising
from Lie superalgebras of type I. J. Knot Theory Ramifications, 19(1):93-115, 2010,
math/0609034v2. doi{10.1142/S0218216510007784.

Nathan Geer and Bertrand Patureau-Mirand. Polynomial 6j-symbols and
states sums. Algebr. Geom. Topol., 11(3):1821-1860, 2011, 0911.1353v3.
doii10.2140/agt.2011.11.1821.

Nathan Geer and Bertrand Patureau-Mirand. G-links invariants, Markov traces and
the semi-cyclic Ugs((2)-modules. J. Knot Theory Ramifications, 22(11):1350063, 28,
2013. doii10.1142/S0218216513500636.

Nathan Geer and Bertrand Patureau-Mirand. Topological invariants from non-
restricted quantum groups. Algebr. Geom. Topol., 13(6):3305-3363, 2013,
1009.4120v3, doii10.2140/agt.2013.13.3305.

Nathan Geer and Bertrand Patureau-Mirand. The trace on projective representa-
tions of quantum groups. Lett. Math. Phys., 108(1):117-140, 2018, 1610.09129v1.
doi:10.1007/s11005-017-0993-4.

Nathan Geer, Bertrand Patureau-Mirand, and Matthew Rupert. Some remarks on
relative modular categories. Journal of Pure and Applied Algebra, 229(1):107801,
2025, 2110.15518v1. doi:https://doi.org/10.1016/j.jpaa.2024.107801,

Nathan Geer, Bertrand Patureau-Mirand, and Vladimir Turaev. Modified quan-
tum dimensions and re-normalized link invariants. Compos. Math., 145(1):196-212,
2009. doii10.1112/S0010437X08003795.


https://doi.org/10.2140/gt.2005.9.1253
https://doi.org/10.1186/2197-9847-2-1
https://doi.org/10.1007/s11005-022-01570-x
http://arxiv.org/abs/2108.10798v1
https://doi.org/10.1016/j.aop.2022.168937
http://arxiv.org/abs/https://londmathsoc.onlinelibrary.wiley.com/doi/pdf/10.1112/jlms.12853
https://doi.org/https://doi.org/10.1112/jlms.12853
http://arxiv.org/abs/2402.13242v1
https://doi.org/10.4153/S0008414X25101235
http://arxiv.org/abs/https://pubs.aip.org/aip/jmp/article-pdf/37/2/987/19052584/987_1_online.pdf
http://arxiv.org/abs/https://pubs.aip.org/aip/jmp/article-pdf/37/2/987/19052584/987_1_online.pdf
https://doi.org/10.1063/1.531422
http://arxiv.org/abs/2304.05414v2
https://doi.org/10.4171/jems/1489
https://doi.org/10.1016/j.jpaa.2006.09.015
http://arxiv.org/abs/0711.4231v1
https://doi.org/10.2140/pjm.2008.238.331
http://arxiv.org/abs/0711.4226v1
https://doi.org/10.1142/S0219199708003125
http://arxiv.org/abs/math/0609034v2
https://doi.org/10.1142/S0218216510007784
http://arxiv.org/abs/0911.1353v3
https://doi.org/10.2140/agt.2011.11.1821
https://doi.org/10.1142/S0218216513500636
http://arxiv.org/abs/1009.4120v3
https://doi.org/10.2140/agt.2013.13.3305
http://arxiv.org/abs/1610.09129v1
https://doi.org/10.1007/s11005-017-0993-4
http://arxiv.org/abs/2110.15518v1
https://doi.org/https://doi.org/10.1016/j.jpaa.2024.107801
https://doi.org/10.1112/S0010437X08003795

[GPT11]

[GPV13]

[GROY]

[GR17]

[GR19]

[GR20]

[Gral6]

[Gro52]

[GRSY23]

[GS99]

[GY25]

[Hal8]

[Ha20]

[Ha20a]

[Ha22]

[Hab00]
[Hab06]
[Hab08]

[Hai24]
[Hai23]

[Hai25]

[Har20]

BIBLIOGRAPHY 41

Nathan Geer, Bertrand Patureau-Mirand, and Vladimir Turaev. Modified
6j-symbols and 3-manifold invariants. Adv. Math., 228(2):1163-1202, 2011,
0910.1624v2. doi:10.1016/j.a1m.2011.06.015.

Nathan Geer, Bertrand Patureau-Mirand, and Alexis Virelizier. Traces on
ideals in pivotal categories. Quantum Topol., 4(1):91-124, 2013, 1103.1660v2.
doi:10.4171/QT/36.

Nathan Geer and Nicolai Reshetikhin. On invariants of graphs related to quan-
tum s[(2) at roots of unity. Lett. Math. Phys., 88(1-3):321-331, 2009, 0904.0409v1.
doi:10.1007/s11005-009-0320-9.

A. M. Gainutdinov and I. Runkel. Symplectic fermions and a quasi-Hopf
algebra structure on Ujsf(2). J. Algebra, 476:415-458, 2017, |1503.07695v2.
doi:10.1016/j.jalgebra.2016.11.026.

Azat M. Gainutdinov and Ingo Runkel. The non-semisimple Verlinde formula and
pseudo-trace functions. J. Pure Appl. Algebra, 223(2):660-690, 2019, 1605.04448v2,
doi{10.1016/j.jpaa.2018.04.014

Azat M. Gainutdinov and Ingo Runkel. Projective objects and the modified trace
in factorisable finite tensor categories. Compos. Math., 156(4):770-821, 2020,
1703.00150v2. doi;10.1112/s0010437x20007034.

Jonathan Grant. A generators and relations description of a representation cate-
gory of Uq(gl(1]1)). Algebr. Geom. Topol., 16(1):509-539, June 2016, 1406.5399.
doi:10.2140/agt.2016.16.509.

A. Grothendieck. Résumé des résultats essentiels dans la théorie des produits ten-
soriels topologiques et des espaces nucléaires. Ann. Inst. Fourier (Grenoble), 4:73—
112 (1954), 1952. URL http://www.numdam.org/item?id=AIF_1952__4__73_0.
Nathan Geer, Adam Robertson, Jan-Luca Spellmann, and Matthew B. Young.
Renormalized reshetikhin-turaev invariants for the unrolled quantum group of
sl2(C), 2302.05529v1|

Robert E. Gompf and Andrés 1. Stipsicz. 4-manifolds and Kirby calculus, volume 20
of Graduate Studies in Mathematics. American Mathematical Society, Providence,
RI, 1999. do0i{10.1090/gsm/020.

Nathan Geer and Matthew B. Young. Three dimensional topologi-
cal quantum field theory from uq(gl(1—1)) and wu(l—1) chern-simons
theory.  Advances in  Mathematics,  460:110044, 2025, 2210.04286v1.
doithttps://doi.org/10.1016/j.aim.2024.110044.

Ngoc Phu Ha. Topological invariants from quantum group Ugsl(2|1) at roots
of unity. Abh. Math. Semin. Univ. Hambg., 88(1):163-188, 2018, 1607.03728v3|
doii10.1007/s12188-017-0181-6.

Ngoc Phu Ha. A Hennings type invariant of 3-manifolds from a topologi-
cal Hopf superalgebra. Quantum Topol., 11(4):609-655, 2020, 1806.08277v1.
doif10.4171 /qt/142.

Ngoc Phu Ha. Modified trace from pivotal Hopf G-coalgebras. J. Pure Appl. Alge-
bra, 224(5):106225, 22, 2020, 1804.02416v1. doi:10.1016/j.jpaa.2019.106225,

Ngoc Phu Ha. Anomaly-free TQFTs from the super Lie algebra sl(2]1). J.
Knot Theory Ramifications, 31(5):Paper No. 2250029, 14, 2022, 2001.10748v1,
doi:10.1142/50218216522500298.

Kazuo Habiro. Claspers and finite type invariants of links. Geom. Topol., 4:1-83,
2000. doii10.2140/gt.2000.4.1}

Kazuo Habiro. Bottom tangles and universal invariants. Algebr. Geom. Topol.,
6:1113-1214, 2006, math/0505219v2. doij10.2140/agt.2006.6.1113.

Kazuo Habiro. A unified Witten-Reshetikhin-Turaev invariant for integral homol-
ogy spheres. Invent. Math., 171(1):1-81, 2008. doij10.1007/s00222-007-0071-0.
Benjamin Haloun. Defining extended tqfts via handle attachments, 2412.14649v1.
Benjamin Haloun. Unit inclusion in a non-semisimple braided tensor category and
non-compact relative tqfts, 2304.12167v2.

Benjamin Haioun. Non-semisimple WRT at the boundary of Crane-Yetter, March
2025, 2503.20905v1. doi;10.48550/ ARXIV.2503.20905.

Matthew Harper. A non-abelian generalization of the alexander polynomial from
quantum sl3, 2008.06983v3l


http://arxiv.org/abs/0910.1624v2
https://doi.org/10.1016/j.aim.2011.06.015
http://arxiv.org/abs/1103.1660v2
https://doi.org/10.4171/QT/36
http://arxiv.org/abs/0904.0409v1
https://doi.org/10.1007/s11005-009-0320-9
http://arxiv.org/abs/1503.07695v2
https://doi.org/10.1016/j.jalgebra.2016.11.026
http://arxiv.org/abs/1605.04448v2
https://doi.org/10.1016/j.jpaa.2018.04.014
http://arxiv.org/abs/1703.00150v2
https://doi.org/10.1112/s0010437x20007034
http://arxiv.org/abs/1406.5399
https://doi.org/10.2140/agt.2016.16.509
http://www.numdam.org/item?id=AIF_1952__4__73_0
http://arxiv.org/abs/2302.05529v1
https://doi.org/10.1090/gsm/020
http://arxiv.org/abs/2210.04286v1
https://doi.org/https://doi.org/10.1016/j.aim.2024.110044
http://arxiv.org/abs/1607.03728v3
https://doi.org/10.1007/s12188-017-0181-6
http://arxiv.org/abs/1806.08277v1
https://doi.org/10.4171/qt/142
http://arxiv.org/abs/1804.02416v1
https://doi.org/10.1016/j.jpaa.2019.106225
http://arxiv.org/abs/2001.10748v1
https://doi.org/10.1142/S0218216522500298
https://doi.org/10.2140/gt.2000.4.1
http://arxiv.org/abs/math/0505219v2
https://doi.org/10.2140/agt.2006.6.1113
https://doi.org/10.1007/s00222-007-0071-0
http://arxiv.org/abs/2412.14649v1
http://arxiv.org/abs/2304.12167v2
http://arxiv.org/abs/2503.20905v1
https://doi.org/10.48550/ARXIV.2503.20905
http://arxiv.org/abs/2008.06983v3

42

[Hat02]
[Hec09]

[Hen96]

[HL16]

[HLW17]

[Hop41]

[HR24]

[Hum?78]

[IKSL25]

[Jag23]

[Jim85]

[Jim86]

[Jon85]

[JS91a)
(7591
(7593

[ISV96)

[Juh18]
[Kac77]

[Kac77b]

[KacT8]

[Kas95a]

[Kas95]

BIBLIOGRAPHY

Allen Hatcher. Algebraic topology. Cambridge University Press, Cambridge, 2002.
I. Heckenberger. Classification of arithmetic root systems. Adv. Math., 220(1):59—
124, 2009. doi:10.1016/j.aim.2008.08.005.

Mark Hennings. Invariants of links and 3-manifolds obtained from Hopf algebras.
J. London Math. Soc. (2), 54(3):594-624, 1996. doi:10.1112/jlms/54.3.594,
Kazuo Habiro and Thang T. Q. Lé. Unified quantum invariants for integral homol-
ogy spheres associated with simple Lie algebras. Geom. Topol., 20(5):2687-2835,
2016. doii10.2140/gt.2016.20.2687.

Jennifer Hom, Tye Lidman, and Liam Watson. The alexander mod-
ule, seifert forms, and -categorification. Journal of Topology, 10(1):22-100,
2017, https://londmathsoc.onlinelibrary.wiley.com/doi/pdf/10.1112/topo.12001.
doi:https://doi.org/10.1112/topo.12001}

Heinz Hopf. tiber die Topologie der Gruppen-Mannigfaltigkeiten und ihre Verallge-
meinerungen. Ann. of Math. (2), 42:22-52, 1941. doi:10.2307/1968985.

Aaron Hofer and Ingo Runkel. Modular functors from non-semisimple 3d TFTs,
May 2024, 2405.18038. doi:10.48550/arXiv.2405.18038.

James E. Humphreys. Introduction to Lie algebras and representation theory, vol-
ume 9 of Graduate Texts in Mathematics. Springer-Verlag, New York-Berlin, 1978.
Second printing, revised.

Filippo Iulianelli, Sung Kim, Joshua Sussan, and Aaron D. Lauda. Universal quan-
tum computation using ising anyons from a non-semisimple topological quantum
field theory. Nature Communications, 16(1):6408, August 2025, 2410.14860. URL
https://doi.org/10.1038/s41467-025-61342-8|

Mrunmay Jagadale. Decorated TQFTs and their Hilbert spaces. J. High
Energy Phys., 2023(8):Paper No. 110, 20, August 2023, 2206.14967.
doi{10.1007/jhep08(2023)110.

Michio Jimbo. A g difference analog of U(g) and the Yang-Baxter equation. Lett.
Math. Phys., 10:63-69, 1985. doii10.1007/BF00704588.

Michio Jimbo. Quantum R matrix for the generalized Toda system. Comm.
Math. Phys., 102(4):537-547, 1986. URL http://projecteuclid.org/euclid.cmp/
1104114539.

Vaughan F. R. Jones. A polynomial invariant for knots via von Neumann algebras.
Bull. Amer. Math. Soc. (N.S.), 12(1):103-111, 1985. do0i:10.1090/S0273-0979-1985-
15304-2.

André Joyal and Ross Street. The geometry of tensor calculus. 1. Adv. Math.,
88(1):55-112, 1991. doii10.1016,/0001-8708(91)90003-P.

André Joyal and Ross Street. Tortile Yang-Baxter operators in tensor categories.
J. Pure Appl. Algebra, 71(1):43-51, 1991. doii10.1016/0022-4049(91)90039-5.
André Joyal and Ross Street. Braided tensor categories. Adv. Math., 102(1):20-78,
1993. doi:10.1006/aima.1993.1055.

André Joyal, Ross Street, and Dominic Verity. Traced monoidal cat-
egories. Math. Proc. Cambridge Philos. Soc., 119(3):447-468, 1996.
doi:10.1017/S0305004100074338.

Andrés Juhész. Defining and classifying TQFTs via surgery. Quantum Topol.,
9(2):229-321, 2018, 1408.0668v6. doi:10.4171/QT/108.

V. G. Kac. Lie superalgebras. Advances in Math., 26(1):8-96, 1977.
doi:10.1016/0001-8708(77)90017-2,

V.G. Kac. Characters of typical representations of classical lie
superalgebras. Communications n Algebra, 5(8):889-897, 1977,
https://doi.org/10.1080/00927877708822201. doi;10.1080/00927877708822201.

V. Kac. Representations of classical lie superalgebras. In Konrad Bleuler, Axel
Reetz, and Herbert Rainer Petry, editors, Differential Geometrical Methods in
Mathematical Physics II, pages 597-626, Berlin, Heidelberg, 1978. Springer Berlin
Heidelberg.

R. M. Kashaev. A link invariant from quantum dilogarithm. Modern Phys. Lett.
A, 10(19):1409-1418, 1995. doi:10.1142/S0217732395001526

Christian Kassel. Quantum groups, volume 155 of Graduate Texts in Mathematics.
Springer-Verlag, New York, 1995. doi:10.1007/978-1-4612-0783-2.


https://doi.org/10.1016/j.aim.2008.08.005
https://doi.org/10.1112/jlms/54.3.594
https://doi.org/10.2140/gt.2016.20.2687
http://arxiv.org/abs/https://londmathsoc.onlinelibrary.wiley.com/doi/pdf/10.1112/topo.12001
https://doi.org/https://doi.org/10.1112/topo.12001
https://doi.org/10.2307/1968985
http://arxiv.org/abs/2405.18038
https://doi.org/10.48550/arXiv.2405.18038
http://arxiv.org/abs/2410.14860
https://doi.org/10.1038/s41467-025-61342-8
http://arxiv.org/abs/2206.14967
https://doi.org/10.1007/jhep08(2023)110
https://doi.org/10.1007/BF00704588
http://projecteuclid.org/euclid.cmp/1104114539
http://projecteuclid.org/euclid.cmp/1104114539
https://doi.org/10.1090/S0273-0979-1985-15304-2
https://doi.org/10.1090/S0273-0979-1985-15304-2
https://doi.org/10.1016/0001-8708(91)90003-P
https://doi.org/10.1016/0022-4049(91)90039-5
https://doi.org/10.1006/aima.1993.1055
https://doi.org/10.1017/S0305004100074338
http://arxiv.org/abs/1408.0668v6
https://doi.org/10.4171/QT/108
https://doi.org/10.1016/0001-8708(77)90017-2
http://arxiv.org/abs/https://doi.org/10.1080/00927877708822201
https://doi.org/10.1080/00927877708822201
https://doi.org/10.1142/S0217732395001526
https://doi.org/10.1007/978-1-4612-0783-2

[Kas97]
[Kas23)
[Kaus7]
[Kau95]

[Ker95]

[Ker97]

[Kho0O]
[Kin24]
[Kir78]
[KK24]
[KK25]

[KLO1]

[KLV16]

[KMO1]

[KM25]

[Koc04]

[Kon93]

[Kor22]

[Kos14]

[KP17]

[KR95)

[KRO1a]

[KRO5]

BIBLIOGRAPHY 43

R. M. Kashaev. The hyperbolic volume of knots from the quantum dilogarithm.
Lett. Math. Phys., 39(3):269-275, 1997. do0ii10.1023/A:1007364912784.

Rinat Kashaev. A course on Hopf algebras. Universitext. Springer International
Publishing, Cham, Switzerland, 1 edition, April 2023.

Louis H. Kauffman. State models and the jones polynomial. Topology, 26(3):395—
407, 1987. doi:10.1016,/0040-9383(87)90009-7.

Louis H. Kauffman. Hopf algebras and invariants of 3-manifolds. J. Pure Appl.
Algebra, 100(1-3):73-92, 1995. doi:10.1016/0022-4049(95)98230-4,

Thomas Kerler. Mapping class group actions on quantum doubles. Comm.
Math. Phys., 168(2):353-388, 1995. URL http://projecteuclid.org/euclid.cmp/
1104272363\

Thomas Kerler. Genealogy of non-perturbative quantum-invariants of 3-manifolds:
the surgical family. In Geometry and physics (Aarhus, 1995), volume 184 of Lecture
Notes in Pure and Appl. Math., pages 503-547. Dekker, New York, 1997.

Mikhail Khovanov. A categorification of the Jones polynomial. Duke Math. J.,
101(3):359-426, 2000. doii10.1215/S0012-7094-00-10131-7.

Patrick Kinnear. Non-semisimple crane-yetter theory varying over the character
stack, April 2024, 2404.19667. doii10.48550/ARXIV.2404.19667.

Robion Kirby. A calculus for framed links in S3. Invent. Math., 45(1):35-56, 1978.
doi:10.1007/BF01406222,

H. Karuo and J. Korinman. Classification of semi-weight representations of reduced
stated skein algebras, 2024, 2303.09433. URL https://arxiv.org/abs/2303.09433.
Hiroaki Karuo and Julien Korinman. Azumaya loci of skein algebras, 2025,
2211.13700. URL https://arxiv.org/abs/2211.13700.

Thomas Kerler and Volodymyr V. Lyubashenko. Non-semisimple topological quan-
tum field theories for 3-manifolds with corners, volume 1765 of Lecture Notes in
Mathematics. Springer-Verlag, Berlin, 2001.

Rinat Kashaev, Feng Luo, and Grigory Vartanov. A TQFT of Turaev-Viro
type on shaped triangulations. Ann. Henri Poincaré, 17(5):1109-1143, 2016.
doi:10.1007/s00023-015-0427-8l.

Robion Kirby and Paul Melvin. The 3-manifold invariants of Witten
and Reshetikhin-Turaev for sl(2,C). Invent. Math., 105(3):473-545, 1991.
doi:10.1007/BF01232277.

Rinat Kashaev and Vladimir Mangazeev. On braided hopf structures on exterior
algebras, May 2025, |2505.15569. doi:10.48550/ ARXIV.2505.15569.

Joachim Kock. Frobenius algebras and 2D topological quantum field theories, vol-
ume 59 of London Mathematical Society Student Texts. Cambridge University
Press, Cambridge, 2004.

Maxim Kontsevich. Vassiliev’s knot invariants. In I. M. Gel fand Seminar, volume
16, Part 2 of Adv. Soviet Math., pages 137-150. Amer. Math. Soc., Providence, RI,
1993.

Julien Korinman. Mapping class group representations derived from stated skein
algebras. SIGMA Symmetry Integrability Geom. Methods Appl., 18:Paper No. 064,
35, February 2022, 2202.07649. doii10.3842/SIGMA.2022.064.

Antoni A Kosinski. Differential Manifolds. Pure and Applied Mathematics. Aca-
demic Press, May 2014.

Ben-Michael Kohli and Bertrand Patureau-Mirand. Other quantum relatives of
the Alexander polynomial through the Links-Gould invariants. Proc. Amer. Math.
Soc., 145(12):5419-5433, 2017. doi:10.1090/proc/13699.

Louis H. Kauffman and David E. Radford. Invariants of 3-manifolds derived from
finite-dimensional Hopf algebras. J. Knot Theory Ramifications, 4(1):131-162,
1995, hep-th/9406065v1. doii10.1142/S0218216595000077,

Louis H. Kauffman and David E. Radford. Oriented quantum algebras and in-
variants of knots and links. J. Algebra, 246(1):253-291, 2001, math/0006020.
doi:10.1006/jabr.2001.8955.

R. Kashaev and N. Reshetikhin. Invariants of tangles with flat connections in their
complementsmr2131015. In Graphs and patterns in mathematics and theoretical


https://doi.org/10.1023/A:1007364912784
https://doi.org/10.1016/0040-9383(87)90009-7
https://doi.org/10.1016/0022-4049(95)98230-4
http://projecteuclid.org/euclid.cmp/1104272363
http://projecteuclid.org/euclid.cmp/1104272363
https://doi.org/10.1215/S0012-7094-00-10131-7
http://arxiv.org/abs/2404.19667
https://doi.org/10.48550/ARXIV.2404.19667
https://doi.org/10.1007/BF01406222
http://arxiv.org/abs/2303.09433
https://arxiv.org/abs/2303.09433
http://arxiv.org/abs/2211.13700
https://arxiv.org/abs/2211.13700
https://doi.org/10.1007/s00023-015-0427-8
https://doi.org/10.1007/BF01232277
http://arxiv.org/abs/2505.15569
https://doi.org/10.48550/ARXIV.2505.15569
http://arxiv.org/abs/2202.07649
https://doi.org/10.3842/SIGMA.2022.064
https://doi.org/10.1090/proc/13699
http://arxiv.org/abs/hep-th/9406065v1
https://doi.org/10.1142/S0218216595000077
http://arxiv.org/abs/math/0006020
https://doi.org/10.1006/jabr.2001.8955

44

[KRO5a]

[Kralb)

[KRT97]

[KS97]

[KT91]

[Kui79]

[Kuj12]

[Kup91]
[Kup96]

[KV19]

[Le97]

[Le06]
[Lel5)
[Laul4]

[Law89]

[Len19]

[LG92)
[Lic62]

[LMO98]

BIBLIOGRAPHY

physics, volume 73 of Proc. Sympos. Pure Math., pages 151-172. Amer. Math.
Soc., Providence, RI, 2005. doi:10.1090/pspum/073/2131015.

Rinat Kashaev and Nicolai Reshetikhin. Braiding for quantum gl, at roots of unity.
In Noncommutative geometry and representation theory in mathematical physics,
volume 391 of Contemp. Math., pages 183—-197. Amer. Math. Soc., Providence, RI,
2005. doii10.1090/conm/391/07329.

Henning Krause. Krull-schmidt categories and projec-
tive covers. Ezpositiones Mathematicae, 33(4):535-549, 2015.
doithttps://doi.org/10.1016/j.exmath.2015.10.001.

Christian Kassel, Marc Rosso, and Vladimir Turaev. Quantum groups and knot in-
variants, volume 5 of Panoramas et Synthéses [Panoramas and Syntheses]. Société
Mathématique de France, Paris, 1997.

Anatoli Klimyk and Konrad Schmiidgen. Quantum Groups and Their Representa-
tions. Springer Berlin Heidelberg, 1997. doii10.1007/978-3-642-60896-4.

S. M. Khoroshkin and V. N. Tolstoy. Universal R-matrix for quantized
(super)algebras. Comm. Math. Phys., 141(3):599-617, 1991. URL http://
projecteuclid.org/euclid.cmp/1104248397.

N. H. Kuiper. A short history of triangulation and related matters. In Proceedings,
Bicentennial Congress Wiskundig Genootschap (Vrije Univ., Amsterdam, 1978),
Part I, volume 100 of Math. Centre Tracts, pages 61-79 (1 plate). Math. Centrum,
Amsterdam, 1979.

Jonathan Kujawa. The generalized Kac-Wakimoto conjecture and support va-
rieties for the Lie superalgebra osp(m|2n). In Recent developments in Lie al-
gebras, groups and representation theory, volume 86 of Proc. Sympos. Pure
Math., pages 201-215. Amer. Math. Soc., Providence, RI, 2012, 1112.3384v1.
doi:10.1090/pspum /086,/1419.

Greg Kuperberg. Involutory Hopf algebras and 3-manifold invariants. Internat. J.
Maith., 2(1):41-66, 1991. doii10.1142/S0129167X91000053.

Greg Kuperberg. Noninvolutory Hopf algebras and 3-manifold invariants. Duke
Math. J., 84(1):83-129, 1996. doii10.1215/S0012-7094-96-08403-3.

Rinat Kashaev and Alexis Virelizier. Generalized Kuperberg invari-
ants of 3-manifolds. Algebr. Geom. Topol., 19(5):2575-2624,  2019.
doi:10.2140/agt.2019.19.2575.

Thang T. Q. Lé. An invariant of integral homology 3-spheres which is universal
for all finite type invariants. In Solitons, geometry, and topology: on the crossroad,
volume 179 of Amer. Math. Soc. Transl. Ser. 2, pages 75-100. Amer. Math. Soc.,
Providence, RI, 1997. do0i:10.1090/trans2/179/04.

Thang T. Q. Lé. The colored Jones polynomial and the A-polynomial of knots.
Adv. Math., 207(2):782-804, 2006. doi:10.1016/j.aim.2006.01.006.

Thang T. Q. Lé. On Kauffman bracket skein modules at roots of unity. Algebr.
Geom. Topol., 15(2):1093-1117, 2015. doii10.2140/agt.2015.15.1093.

Francois Laudenbach. A proof of Reidemeister-Singer’s theorem by Cerf’s methods.
Ann. Fac. Sci. Toulouse Math. (6), 23(1):197-221, 2014. doi:10.5802/afst.1404.
R. J. Lawrence. A universal link invariant using quantum groups. In Differential
geometric methods in theoretical physics (Chester, 1988), pages 55-63. World Sci.
Publ., Teaneck, NJ, 1989.

Simon Lentner. The unrolled quantum group inside Lusztig’s quantum group of
divided powers. Lett. Math. Phys., 109(7):1665-1682, 2019. doi{10.1007/s11005-
019-01185-9.

J. R. Links and M. D. Gould. Two variable link polynomials from quantum super-
groups. Lett. Math. Phys., 26(3):187-198, 1992. doi:10.1007/BF00420752,

W. B. R. Lickorish. A representation of orientable combinatorial 3-manifolds. Ann.
of Math. (2), 76:531-540, 1962. doii10.2307/1970373.

Thang T.Q. Le, Jun Murakami, and Tomotada Ohtsuki. On a universal pertur-
bative invariant of 3-manifolds. Topology, 37(3):539-574, 1998, g-alg/9512002v1.
doi:https://doi.org/10.1016 /S0040-9383(97)00035-9.


https://doi.org/10.1090/pspum/073/2131015
https://doi.org/10.1090/conm/391/07329
https://doi.org/https://doi.org/10.1016/j.exmath.2015.10.001
https://doi.org/10.1007/978-3-642-60896-4
http://projecteuclid.org/euclid.cmp/1104248397
http://projecteuclid.org/euclid.cmp/1104248397
http://arxiv.org/abs/1112.3384v1
https://doi.org/10.1090/pspum/086/1419
https://doi.org/10.1142/S0129167X91000053
https://doi.org/10.1215/S0012-7094-96-08403-3
https://doi.org/10.2140/agt.2019.19.2575
https://doi.org/10.1090/trans2/179/04
https://doi.org/10.1016/j.aim.2006.01.006
https://doi.org/10.2140/agt.2015.15.1093
https://doi.org/10.5802/afst.1404
https://doi.org/10.1007/s11005-019-01185-9
https://doi.org/10.1007/s11005-019-01185-9
https://doi.org/10.1007/BF00420752
https://doi.org/10.2307/1970373
http://arxiv.org/abs/q-alg/9512002v1
https://doi.org/https://doi.org/10.1016/S0040-9383(97)00035-9

[LN15]

[LO17]

[Lor97]

[LOT18]

[LT15]

[Lur09)]

[Lus10]

[LY23]
[Lyu95]

[Lyu95a]

[Mac99]

[Majo1]

[Majo4]
[Majo5]

[Mal95]

[Man23|

[Man24]

[Mar09]

[Mar12]

[Mar21]

[Mil65b]
[Mil65a]

[Mac98]

BIBLIOGRAPHY 45

Simon Lentner and Daniel Nett. New R-matrices for small quantum groups. Algebr.
Represent. Theory, 18(6):1649-1673, 2015, 1409.5824v3. doi:10.1007/s10468-015-
9555-6.

Simon Lentner and Tobias Ohrmann. Factorizable R-matrices for small quantum
groups. SIGMA Symmetry Integrability Geom. Methods Appl., 13:Paper No. 076,
25, 2017. doi;10.3842/SIGMA.2017.076.

Martin Lorenz. Representations of finite-dimensional Hopf algebras. J. Algebra,
188(2):476-505, 1997. doii10.1006/jabr.1996.6827.

Robert Lipshitz, Peter S. Ozsvath, and Dylan P. Thurston. Bordered Heegaard
Floer homology, volume 1216 of Mem. Am. Math. Soc. Providence, RI: American
Mathematical Society (AMS), 2018. doij10.1090/memo/1216.

Thang T. Q. Le and Anh T. Tran. On the AJ conjecture for knots. Indiana Univ.
Math. J., 64(4):1103-1151, 2015. doi;10.1512/ium;j.2015.64.5602. With an appendix
written jointly with Vu Q. Huynh.

Jacob Lurie. On the classification of topological field theories. In Current develop-
ments in mathematics, 2008, pages 129-280. Int. Press, Somerville, MA, 2009.
George Lusztig. Introduction to quantum groups. Modern Birkh&user Classics.
Birkhauser/Springer, New York, 2010. doi:10.1007/978-0-8176-4717-9. Reprint of
the 1994 edition.

Ik Jae Lee and David N Yetter. Embedded surface invariants via the broda-petit
construction, 2303.11380v3.

V. Lyubashenko. Modular transformations for tensor categories. J. Pure Appl. Al-
gebra, 98(3):279-327, 1995. doi:10.1016/0022-4049(94)00045-K.

Volodymyr V. Lyubashenko. Invariants of 3-manifolds and projective represen-
tations of mapping class groups via quantum groups at roots of unity. Comm.
Math. Phys., 172(3):467-516, 1995. URL http://projecteuclid.org/euclid.cmp/
1104274312,

Marco Mackaay. Spherical 2-categories and 4-manifold invariants. Advances in
Mathematics, 143(2):288-348, 1999. doiihttps://doi.org/10.1006/aima.1998.1798.
Shahn Majid. Representations, duals and quantum doubles of monoidal categories.
In Proceedings of the Winter School on Geometry and Physics (Srni, 1990), num-
ber 26, pages 197-206, 1991.

Shahn Majid. Cross products by braided groups and bosonization. J. Algebra,
163(1):165-190, 1994. doii10.1006/jabr.1994.1011L

Shahn Majid. Foundations of quantum group theory. Cambridge University Press,
Cambridge, December 1995. doi;10.1017/CB0O9780511613104.

G. Maltsiniotis. Traces dans les catégories monoidales, dualité et catégories
monoidales fibrées. Cahiers Topologie Géom. Différentielle Catég., 36(3):195-288,
1995.

Andrew Manion. Decategorified Heegaard Floer theory and actions of both E and
F, March 2023, 2303.06462. doi;10.48550/arXiv.2303.06462.

Andrew Manion. Surface gluing with signs and gradings in decategorified Heegaard
Floer theory. Int. Math. Res. Not. IMRN, (1):861-900, March 2024, |2303.02889.
doij10.1093/imrn/rnad238|

Matilde Marcolli. Cyclotomy and endomotives. p-Adic Numbers Ul-
trametric  Anal.  Appl., 1(3):arXiv:0901.3167, January 2009, 0901.3167.
doi:10.1134/S2070046609030042.

Bruno Martelli. A finite set of local moves for Kirby calculus. J. Knot Theory
Ramifications, 21(14):1250126, 5, 2012. doi:10.1142/5021821651250126X.

Jules Martel. Non-semi-simple TQFT of the sphere with four punctures. J.
Knot Theory Ramifications, 30(6):Paper No. 2150039, 27, 2021, 2006.07079v1l
doi:10.1142/S0218216521500395.

John Milnor. Lectures on the h-cobordism theorem. Princeton University Press,
Princeton, N.J., 1965. Notes by L. Siebenmann and J. Sondow.

John W. Milnor. Topology from the differentiable viewpoint. University Press of
Virginia, Charlottesville, Va., 1965. Based on notes by David W. Weaver.
Saunders Mac Lane. Categories for the working mathematician, volume 5 of Grad-
uate Texts in Mathematics. Springer-Verlag, New York, second edition, 1998.


http://arxiv.org/abs/1409.5824v3
https://doi.org/10.1007/s10468-015-9555-6
https://doi.org/10.1007/s10468-015-9555-6
https://doi.org/10.3842/SIGMA.2017.076
https://doi.org/10.1006/jabr.1996.6827
https://doi.org/10.1090/memo/1216
https://doi.org/10.1512/iumj.2015.64.5602
https://doi.org/10.1007/978-0-8176-4717-9
http://arxiv.org/abs/2303.11380v3
https://doi.org/10.1016/0022-4049(94)00045-K
http://projecteuclid.org/euclid.cmp/1104274312
http://projecteuclid.org/euclid.cmp/1104274312
https://doi.org/https://doi.org/10.1006/aima.1998.1798
https://doi.org/10.1006/jabr.1994.1011
https://doi.org/10.1017/CBO9780511613104
http://arxiv.org/abs/2303.06462
https://doi.org/10.48550/arXiv.2303.06462
http://arxiv.org/abs/2303.02889
https://doi.org/10.1093/imrn/rnad238
http://arxiv.org/abs/0901.3167
https://doi.org/10.1134/S2070046609030042
https://doi.org/10.1142/S021821651250126X
http://arxiv.org/abs/2006.07079v1
https://doi.org/10.1142/S0218216521500395

46

[MM65]
[MMO1]

[MM13]

[MM24]

[Moi52]
[Mol77]

[Mon93|

[MR12]

[MR25a)

[MRV24]
[McP21]
[MS89)]
[MS90]

[McP20)

[McP26]

[MSWY?23]

[Mun60]

[Mun66]

[Mur08]
[Murl7]

[Murl8]

MW12]

[MW24a)

[MW24]

BIBLIOGRAPHY

John W. Milnor and John C. Moore. On the structure of Hopf algebras. Ann. of
Math. (2), 81:211-264, 1965. doii10.2307/1970615.

Hitoshi Murakami and Jun Murakami. The colored Jones polynomials and the sim-
plicial volume of a knot. Acta Math., 186(1):85-104, 2001. doi;10.1007/BF02392716.
Gwénaél Massuyeau and Jean-Baptiste Meilhan. Equivalence relations for homol-
ogy cylinders and the core of the Casson invariant. Trans. Amer. Math. Soc.,
365(10):5431-5502, 2013. doii10.1090/S0002-9947-2013-05818-7.

William Elbaek Mistegard and Yuya Murakami. A proof of the radial limit con-
jecture for costantino—geer—patureau-mirand quantum invariants, August 2024,
2408.07423v1. doi:10.48550/ ARXIV.2408.07423.

Edwin E. Moise. Affine structures in 3-manifolds. V. The triangulation theorem
and Hauptvermutung. Ann. of Math. (2), 56:96-114, 1952. doi:10.2307/1969769.
Richard K Molnar. Semi-direct products of hopf algebras. Journal of Algebra,
47(1):29-51, 1977. doithttps://doi.org/10.1016/0021-8693(77)90208-3

Susan Montgomery. Hopf algebras and their actions on rings, volume 82 of CBMS
Regional Conference Series in Mathematics. Conference Board of the Mathematical
Sciences, Washington, DC; by the American Mathematical Society, Providence, RI,
1993. doi:10.1090/cbms/082.

Gregor Masbaum and Alan W. Reid. All finite groups are involved in the mapping
class group. Geom. Topol., 16(3):1393-1411, 2012. doi:10.2140/gt.2012.16.1393.
Andrew Manion and Raphael Rouquier. Higher representations and cornered Hee-
gaard Floer homology. Preprint, arXiv:2009.09627 [math.RT] (2025), 2025. URL
https://arxiv.org/abs/2009.09627.

Vincentas Mulevicius, Ingo Runkel, and Thomas Vof}. Internal Levin-Wen models.
SciPost Phys., 17(3):088, September 2024. doi;10.21468/SciPostPhys.17.3.088.
Calvin McPhail-Snyder. SLa(C)-holonomy invariants of links, 2105.05030v1.
Gregory Moore and Nathan Seiberg. Classical and quantum conformal field the-
ory. Comm. Math. Phys., 123(2):177-254, 1989. URL http://projecteuclid.org/
euclid.cmp/1104178762.

Gregory Moore and Nathan Seiberg. Lectures on RCFT. In Superstrings ‘89 (Tri-
este, 1989), pages 1-129. World Sci. Publ., River Edge, NJ, 1990.

Calvin McPhail-Snyder. Holonomy invariants of links and nonabelian reide-
meister torsion. Quantum Topology, 13(1):55-135, March 2022, 2005.01133v3.
doi:10.4171/QT/160.

Calvin McPhail-Snyder. A quantization of the SL2(C) chern-simons invariant of
tangle exteriors, 2026, |2509.02365. URL https://arxiv.org/abs/2509.02365.
Lukas Miiller, Christoph Schweigert, Lukas Woike, and Yang Yang. The
lyubashenko modular functor for drinfeld centers via non-semisimple string-nets,
12 2023, [2312.14010v 1}

James Munkres. Obstructions to the smoothing of piecewise-differentiable homeo-
morphisms. Ann. of Math. (2), 72:521-554, 1960. doi:10.2307/1970228,

James R. Munkres. Elementary differential topology. Annals of Mathematics Stud-
ies, No. 54. Princeton University Press, Princeton, N.J., revised edition, 1966.
Lectures given at Massachusetts Institute of Technology, Fall, 1961.

Jun Murakami. Colored Alexander invariants and cone-manifolds. Osaka J. Math.,
45(2):541-564, 2008. URL http://projecteuclid.org/euclid.ojm/1216151113.
Jun Murakami. Generalized Kashaev invariants for knots in three manifolds. Quan-
tum Topol., 8(1):35-73, 2017. do0ii10.4171/QT /86l

Jun Murakami. From colored Jones invariants to logarithmic invariants. Tokyo
J. Math., 41(2):453-475, 2018. URL https://projecteuclid.org/euclid.tjm/
1511221569.

Scott Morrison and Kevin Walker. Blob homology. Geom. Topol., 16(3):1481-1607,
2012. doii10.2140/gt.2012.16.1481.

Jules Martel and Sonny Willetts. Unified invariant of knots from homological braid
action on Verma modules. Proc. Lond. Math. Soc. (3), 128(5):Paper No. €12599,
45, May 2024. doij10.1112/plms.12599,

Lukas Miiller and Lukas Woike. Categorified open topological field theories, June
2024, 2406.11605v1. doi:10.48550/ ARXIV.2406.11605.


https://doi.org/10.2307/1970615
https://doi.org/10.1007/BF02392716
https://doi.org/10.1090/S0002-9947-2013-05818-7
http://arxiv.org/abs/2408.07423v1
https://doi.org/10.48550/ARXIV.2408.07423
https://doi.org/10.2307/1969769
https://doi.org/https://doi.org/10.1016/0021-8693(77)90208-3
https://doi.org/10.1090/cbms/082
https://doi.org/10.2140/gt.2012.16.1393
https://arxiv.org/abs/2009.09627
https://doi.org/10.21468/SciPostPhys.17.3.088
http://arxiv.org/abs/2105.05030v1
http://projecteuclid.org/euclid.cmp/1104178762
http://projecteuclid.org/euclid.cmp/1104178762
http://arxiv.org/abs/2005.01133v3
https://doi.org/10.4171/QT/160
http://arxiv.org/abs/2509.02365
https://arxiv.org/abs/2509.02365
http://arxiv.org/abs/2312.14010v1
https://doi.org/10.2307/1970228
http://projecteuclid.org/euclid.ojm/1216151113
https://doi.org/10.4171/QT/86
https://projecteuclid.org/euclid.tjm/1511221569
https://projecteuclid.org/euclid.tjm/1511221569
https://doi.org/10.2140/gt.2012.16.1481
https://doi.org/10.1112/plms.12599
http://arxiv.org/abs/2406.11605v1
https://doi.org/10.48550/ARXIV.2406.11605

[MWW23]

[Neg21]

[Neu22]

[Neul9a]

[Neul9]

[Nic78]
[Niu24]

[NS07]

[NV22]
[NV23]
[NV24]

[Oec03]

[GO18]

[Oht93]

[Oht95a]

[Oht95]

[Oht96]

[Oht02]

[0S04]

[Pen71]

[Pat06]

BIBLIOGRAPHY 47

Ciprian Manolescu, Kevin Walker, and Paul Wedrich. Skein lasagna mod-
ules and handle decompositions. Adv. Math., 425:Paper No. 109071, 40, 2023.
do0i:10.1016/j.aim.2023.109071.

Cris Negron. Log-modular quantum groups at even roots of unity and the quantum
Frobenius I. Comm. Math. Phys., 382(2):773-814, 2021. doi:10.1007/s00220-021-
04012-2.

Daniel Lépez Neumann. T'wisted kuperberg invariants of knots and reidemeister
torsion via twisted drinfeld doubles, 2201.13382v1.

Daniel Lépez Neumann. Kuperberg invariants for balanced sutured 3-manifolds.
Canadian Journal of Mathematics, T3(6):1698-1742, 2021, 1904.05786v2.
doi:10.4153/S0008414X20000656.

Daniel Lépez Neumann. Twisting kuperberg invariants via fox calculus and
reidemeister torsion. Algebr. Geom. Topol., 22(5):2419-2466, October 2022,
1911.02925v3. doi;10.2140/agt.2022.22.2419.

Warren D. Nichols. Bialgebras of type one. Comm. Algebra, 6(15):1521-1552, 1978.
doi:10.1080/00927877808822306.

Wenjun Niu. Quantum groups and symplectic reductions, 2024, 2411.04195. URL
https://arxiv.org/abs/2411.04195.

Siu-Hung Ng and Peter Schauenburg. Higher Frobenius-Schur indicators for piv-
otal categories. In Hopf algebras and generalizations, volume 441 of Contemp.
Math., pages 63-90. Amer. Math. Soc., Providence, RI, 2007, math/0503167v2.
do0i:10.1090/conm /441 /08500.

Daniel Lépez Neumann and Roland van der Veen. Genus bounds for twisted quan-
tum invariants, 2211.15010v1.

Daniel Lépez Neumann and Roland van der Veen. Genus bounds from unrolled
quantum groups at roots of unity, 2312.02070v1.

Daniel Lépez Neumann and Roland van der Veen. Non-semisimple sla quantum in-
variants of fibred links, July 2024, 2407.15561v1. doi:10.48550/ARXIV.2407.15561.
Robert Oeckl. Generalized lattice gauge theory, spin foams and state
sum invariants. Journal of Geometry and Physics, 46(3):308-354, 2003.
doizhttps://doi.org/10.1016 /S0393-0440(02)00148-1.

Andres F. Fontalvo Orozco and Azat M. Gainutdinov. Module Traces
and Hopf Group-coalgebras. Hamburger Beitrage zur Mathematik. Univer-
sitdt Hamburg, Fachbereich Mathematik, September 2018, [1809.01122v1.
doi:10.48550/ARXIV.1809.01122,

Tomotada Ohtsuki. Colored ribbon Hopf algebras and wuniversal invari-
ants of framed links. J. Knot Theory Ramifications, 2(2):211-232, 1993.
doi:10.1142/50218216593000131.

Tomotada Ohtsuki. Invariants of 3-manifolds derived from universal invariants
of framed links. Math. Proc. Cambridge Philos. Soc., 117(2):259-273, 1995.
doi:10.1017/S0305004100073102.

Tomotada Ohtsuki. A polynomial invariant of integral homology 3-
spheres.  Math. Proc. Cambridge Philos. Soc., 117(1):83-112, 1995.
doi:10.1017/S0305004100072935.

Tomotada Ohtsuki. A polynomial invariant of rational homology 3-spheres. Invent.
Maith., 123(2):241-257, 1996. doii10.1007/s002220050025.

Tomotada Ohtsuki. Quantum invariants, volume 29 of Series on Knots and Ev-
erything. World Scientific Publishing Co., Inc., River Edge, NJ, 2002. A study of
knots, 3-manifolds, and their sets.

Peter Ozsvath and Zoltdn Szabé. Holomorphic disks and topological invari-
ants for closed three-manifolds. Ann. of Math. (2), 159(3):1027-1158, 2004.
d0i:10.4007 /annals.2004.159.1027.

Roger Penrose. Applications of negative dimensional tensors. In Combinatorial
Mathematics and its Applications (Proc. Conf., Ozford, 1969), pages 221-244.
Academic Press, London, 1971.

Bertrand Patureau-Mirand. Quantum link invariant from the Lie superalgebra
D21,a. Algebr. Geom. Topol., 6:329-349, 2006. doii10.2140/agt.2006.6.329.


https://doi.org/10.1016/j.aim.2023.109071
https://doi.org/10.1007/s00220-021-04012-2
https://doi.org/10.1007/s00220-021-04012-2
http://arxiv.org/abs/2201.13382v1
http://arxiv.org/abs/1904.05786v2
https://doi.org/10.4153/S0008414X20000656
http://arxiv.org/abs/1911.02925v3
https://doi.org/10.2140/agt.2022.22.2419
https://doi.org/10.1080/00927877808822306
http://arxiv.org/abs/2411.04195
https://arxiv.org/abs/2411.04195
http://arxiv.org/abs/math/0503167v2
https://doi.org/10.1090/conm/441/08500
http://arxiv.org/abs/2211.15010v1
http://arxiv.org/abs/2312.02070v1
http://arxiv.org/abs/2407.15561v1
https://doi.org/10.48550/ARXIV.2407.15561
https://doi.org/https://doi.org/10.1016/S0393-0440(02)00148-1
http://arxiv.org/abs/1809.01122v1
https://doi.org/10.48550/ARXIV.1809.01122
https://doi.org/10.1142/S0218216593000131
https://doi.org/10.1017/S0305004100073102
https://doi.org/10.1017/S0305004100072935
https://doi.org/10.1007/s002220050025
https://doi.org/10.4007/annals.2004.159.1027
https://doi.org/10.2140/agt.2006.6.329

48

[Prz91]
[Prz99]

[PS97]

[PT8S]
[Rad94]
[Rad12)
[Rei27a]
[Rei33]

[Rei35]

[Rei25)

[Reu23]

[Rob97]
[Rol76]
[RST24]

[RT90]

[RT91]

[Rup19]

[Rup24]

[RW20]

[Saw02]

[Sch79]

[Sch01]

BIBLIOGRAPHY

Jézef H. Przytycki. Skein modules of 3-manifolds. Bull. Polish Acad. Sci. Math.,
39(1-2):91-100, 1991.

Jézef H. Przytycki. Fundamentals of Kauffman bracket skein modules. Kobe J.
Maith., 16(1):45-66, 1999.

V. V. Prasolov and A. B. Sossinsky. Knots, links, braids and 3-manifolds, volume
154 of Translations of Mathematical Monographs. American Mathematical Soci-
ety, Providence, RI, 1997. doii{10.1090/mmono/154. An introduction to the new
invariants in low-dimensional topology, Translated from the Russian manuscript
by Sossinsky [Sosinskii].

Jézef H. Przytycki and PawelTraczyk. Invariants of links of Conway type. Kobe J.
Math., 4(2):115-139, 1988.

David E. Radford. The trace function and Hopf algebras. J. Algebra, 163(3):583—
622, 1994. doii10.1006/jabr.1994.1033.

David E. Radford. Hopf algebras, volume 49 of Series on Knots and Everything.
World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2012.

Kurt Reidemeister. Elementare Begriindung der Knotentheorie. Abh. Math. Sem.
Univ. Hamburg, 5(1):24-32, 1927. doi:10.1007/BF02952507.

Kurt Reidemeister. Zur dreidimensionalen Topologie. Abh. Math. Sem. Univ. Ham-
burg, 9(1):189-194, 1933. doi:10.1007/BF 02940644\

Kurt Reidemeister. Homotopieringe und linsenrdume. Abhandlungen aus dem
Mathematischen Seminar der Universitat Hamburg, 11:102-109, 1935. URL https:
//api.semanticscholar.org/CorpusID: 124078064,

Julie Reina. Chromatic spherical invariant and hennings invariant of 3-dimensional
manifolds. Journal of Pure and Applied Algebra, 230(2):108170, July 2026,
2507.06019. doi:https://doi.org/10.1016/j.jpaa.2026.108170.

David Reutter. Semisimple four-dimensional topological field theories can-
not detect exotic smooth structure. J. Topol., 16(2):542-566, April 2023.
doi:10.1112/topo.12288.

Justin Roberts. Kirby calculus in manifolds with boundary. Turkish J. Math.,
21(1):111-117, 1997.

Dale Rolfsen. Knots and links. Mathematics Lecture Series, No. 7. Publish or Per-
ish, Inc., Berkeley, Calif., 1976.

Ingo Runkel, Christoph Schweigert, and Ying Hong Tham. Excision for spaces of
admissible skeins, 2407.09302v1.

N. Yu. Reshetikhin and V. G. Turaev. Ribbon graphs and their invariants de-
rived from quantum groups. Comm. Math. Phys., 127(1):1-26, 1990. URL http:
//projecteuclid.org/euclid.cmp/1104180037.

N. Reshetikhin and V. G. Turaev. Invariants of 3-manifolds via link polynomials and
quantum groups. Invent. Math., 103(3):547-597, 1991. doii10.1007/BF01239527.
Matthew Rupert. Categories of weight modules for unrolled restricted quantum
groups at roots of unity. Izv. Ross. Akad. Nauk Ser. Mat., 86(6):187-206, 2022,
1910.05922v3| doii10.4213/im9234e.

Matthew Rupert. Bgg reciprocity for generalized weight modules of unrolled re-
stricted quantum groups at roots of unity, 2024, 2402.03668. URL https://arxiv.
org/abs/2402.03668.

D. Reutter and K. Walker. From non-unital skein theory to modified traces and
non-semisimple topological field theories, 2020, talk in bonn by D. Reutter, and
Going from n + € to n + 1 in non-semisimple oriented tqfts, 2022, talk at the ugsl
seminar by K. Walker. slides on webpage at https://drive.google.com/file/
d/1IslyZdNdYoAaqe_GRZ60uLEN9IOiAiEM/view and https://canyon23.net/math/
talks/npl.pdf.

Stephen F. Sawin. Invariants of Spin three-manifolds from Chern-Simons the-
ory and finite-dimensional Hopf algebras. Adv. Math., 165(1):35-70, 2002.
doi:10.1006 /aima.2000.1935.

M. Scheunert. Generalized Lie algebras. J. Math. Phys., 20(4):712-720, 1979.
doi:10.1063/1.524113.

Peter Schauenburg. Turning monoidal categories into strict ones. New York J.
Math., 7:257-265, 2001. URL http://nyjm.albany.edu:8000/3/2001/7_257 .html|


https://doi.org/10.1090/mmono/154
https://doi.org/10.1006/jabr.1994.1033
https://doi.org/10.1007/BF02952507
https://doi.org/10.1007/BF02940644
https://api.semanticscholar.org/CorpusID:124078064
https://api.semanticscholar.org/CorpusID:124078064
http://arxiv.org/abs/2507.06019
https://doi.org/https://doi.org/10.1016/j.jpaa.2026.108170
https://doi.org/10.1112/topo.12288
http://arxiv.org/abs/2407.09302v1
http://projecteuclid.org/euclid.cmp/1104180037
http://projecteuclid.org/euclid.cmp/1104180037
https://doi.org/10.1007/BF01239527
http://arxiv.org/abs/1910.05922v3
https://doi.org/10.4213/im9234e
http://arxiv.org/abs/2402.03668
https://arxiv.org/abs/2402.03668
https://arxiv.org/abs/2402.03668
https://drive.google.com/file/d/1IslyZdNdYoAaqe_GRZ60uLEN9IOiAiEM/view
https://drive.google.com/file/d/1IslyZdNdYoAaqe_GRZ60uLEN9IOiAiEM/view
https://canyon23.net/math/talks/np1.pdf
https://canyon23.net/math/talks/np1.pdf
https://doi.org/10.1006/aima.2000.1935
https://doi.org/10.1063/1.524113
http://nyjm.albany.edu:8000/j/2001/7_257.html

[Seg04]

[Ser11]

[Shi17]

[Shil9a]

[Shi19)]

[Shi25]

[Shu94]
[Sin33]

[$520]

[$S23]

[STWZ23]

[SV23]

[SW21]

[SW22]

[Taf71]

[Tur00]
[Tur86]

[Tur88a]

[Tur89]

[Tur91]

BIBLIOGRAPHY 49

Graeme Segal. The definition of conformal field theory. In Topology, geometry and
quantum field theory, volume 308 of London Math. Soc. Lecture Note Ser., pages
421-577. Cambridge Univ. Press, Cambridge, 2004.

Vera Serganova. On the superdimension of an irreducible representation of a basic
classical Lie superalgebra. In Supersymmetry in mathematics and physics, vol-
ume 2027 of Lecture Notes in Math., pages 253—-273. Springer, Heidelberg, 2011.
doi:10.1007/978-3-642-21744-9_12.

Kenichi Shimizu. On unimodular finite tensor categories. Int. Math. Res. Not.
IMRN, (1):277-322, April 2017. doi;10.1093 /imrn/rnv394,

Kenichi Shimizu. Integrals for finite tensor categories. Algebras and Representation
Theory, 22(2):459-493, April 2019,1702.02425v1. URL https://doi.org/10.1007/
s10468-018-9777-5.

Kenichi Shimizu. Non-degeneracy conditions for braided finite tensor categories.
Adv. Math., 355:106778, 36, October 2019. doi:10.1016/j.aim.2019.106778.
Kenichi Shimizu. Nakayama functor for coalgebras and a categorical perspective
of the integral theory for Hopf algebras. In Susan Montgomery, Siu-Hung Ng,
and Earl Jay Taft, editors, Quantum groups, Hopf algebras, and applications—
i memory of Earl Jay Taft, volume 814 of Contemp. Math., pages 223-254.
Amer. Math. Soc., Providence, RI, Providence, Rhode Island, 2025, 2306.08508v1.
doii10.1090/conm /814/16307.

Mei Chee Shum. Tortile tensor categories. Journal of Pure and Applied Algebra,
93(1):57-110, 1994. doithttps://doi.org/10.1016/0022-4049(92)00039-T"

James Singer. Three-dimensional manifolds and their Heegaard diagrams. Trans.
Amer. Math. Soc., 35(1):88-111, 1933. doi:10.2307/1989314.

Taiki Shibata and Kenichi Shimizu. Categorical aspects of cointegrals
on quasi-Hopf algebras. J. Algebra, 564:353-411, 2020, [1812.03439v2.
doi:10.1016/j.jalgebra.2020.08.012.

Taiki Shibata and Kenichi Shimizu. Modified traces and the nakayama functor.
Algebras and Representation Theory, 26(2):513-551, April 2023, 2103.13702v2,
do0i:10.1007/s10468-021-10102-5,

Louise Sutton, Daniel Tubbenhauer, Paul Wedrich, and Jieru Zhu. SLy tilting
modules in the mixed case. Selecta Math. (N.S.), 29(3):Paper No. 39, 40, May
2023, 12105.07724v1. doi;10.1007/s00029-023-00835-0.

Kirsat Sozer and Alexis Virelizier. Monoidal categories graded by crossed mod-
ules and 3-dimensional HQFTs. Adv. Math., 428:Paper No. 109155, 94, 2023.
doi:10.1016/j.aim.2023.109155.

Christoph Schweigert and Lukas Woike. The Hochschild complex of a finite
tensor category. Algebr. Geom. Topol., 21(7):3689-3734, 2021, 1910.00559v3.
doi:10.2140/agt.2021.21.3689.

Christoph Schweigert and Lukas Woike. The trace field theory of a finite tensor cat-
egory. Algebras and Representation Theory, September 2022, 2103.15772v2. URL
https://doi.org/10.1007/s10468-022-10147-0.

Earl J. Taft. The Order of the Antipode of Finite-Dimensional Hopf Algebra. Pro-
ceedings of the National Academy of Science, 68(11):2631-2633, November 1971.
doii10.1073 /pnas.68.11.2631.

V. Turaev. Homotopy field theory in dimension 3 and crossed group-categories.
arxiv, math/0005291v1.

V. G. Turaev. Reidemeister torsion in knot theory. Uspekhi Mat. Nauk,
41(1(247)):97-147, 240, 1986.

V. G. Turaev. The Conway and Kauffman modules of a solid torus. Zap. Nauchn.
Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI), 167 (Issled. Topol. 6):79-89,
190, 1988. doi:10.1007/BF01099241.

V. G. Turaev. Operator invariants of tangles, and  R-matrices.
Izv. Akad. Nauk SSSR Ser. Mat., 53(5):1073-1107, 1135, 1989.
doi:10.1070/IM1990v035n02ABEH000711}

Vladimir G. Turaev. Skein quantization of Poisson algebras of loops on surfaces.
Ann. Sci. Ecole Norm. Sup. (4), 24(6):635-704, 1991. URL http://www.nundam.
org/item?id=ASENS_1991_4_24_6_635_0.


https://doi.org/10.1007/978-3-642-21744-9_12
https://doi.org/10.1093/imrn/rnv394
http://arxiv.org/abs/1702.02425v1
https://doi.org/10.1007/s10468-018-9777-5
https://doi.org/10.1007/s10468-018-9777-5
https://doi.org/10.1016/j.aim.2019.106778
http://arxiv.org/abs/2306.08508v1
https://doi.org/10.1090/conm/814/16307
https://doi.org/https://doi.org/10.1016/0022-4049(92)00039-T
https://doi.org/10.2307/1989314
http://arxiv.org/abs/1812.03439v2
https://doi.org/10.1016/j.jalgebra.2020.08.012
http://arxiv.org/abs/2103.13702v2
https://doi.org/10.1007/s10468-021-10102-5
http://arxiv.org/abs/2105.07724v1
https://doi.org/10.1007/s00029-023-00835-0
https://doi.org/10.1016/j.aim.2023.109155
http://arxiv.org/abs/1910.00559v3
https://doi.org/10.2140/agt.2021.21.3689
http://arxiv.org/abs/2103.15772v2
https://doi.org/10.1007/s10468-022-10147-0
https://doi.org/10.1073/pnas.68.11.2631
http://arxiv.org/abs/math/0005291v1
https://doi.org/10.1007/BF01099241
https://doi.org/10.1070/IM1990v035n02ABEH000711
http://www.numdam.org/item?id=ASENS_1991_4_24_6_635_0
http://www.numdam.org/item?id=ASENS_1991_4_24_6_635_0

50

[Tur94]

[Turl0]

[TV92)

[TV12]

[TV13]

[TV14]

[TV17]

[TV20)]

[TW93)]

[Vas90]

[Vir01]
[Vir02]
[Vir05]
[Vir06al
[Vir06]
[Vog11]

[W21]
[Wal60]

[Wal69]
[Wed16]
[Whi61]
[Wil21]
[Wil22]

[Wit8s]

BIBLIOGRAPHY

V. G. Turaev. Quantum invariants of knots and 3-manifolds, volume 18 of De
Gruyter Studies in Mathematics. Walter de Gruyter & Co., Berlin, 1994.
Vladimir Turaev. Homotopy quantum field theory, volume 10 of EMS
Tracts in Mathematics. European Mathematical Society (EMS), Ziirich, 2010.
doi:10.4171/086. Appendix 5 by Michael Miiger and Appendices 6 and 7 by Alexis
Virelizier.

V. G. Turaev and O. Ya. Viro. State sum invariants of 3-manifolds and quantum
6j-symbols. Topology, 31(4):865-902, 1992. doi:10.1016/0040-9383(92)90015-A.
Vladimir Turaev and Alexis Virelizier. On 3-dimensional homotopy quantum
field theory, I. Internat. J. Math., 23(9):1250094, 28, 2012, 1202.6292v2.
doi:10.1142/S0129167X12500942.

Vladimir Turaev and Alexis Virelizier. On the graded center of graded
categories. J. Pure Appl. Algebra, 217(10):1895-1941, 2013, [1208.5696v1.
doi:10.1016/j.jpaa.2013.01.011,

Vladimir Turaev and Alexis Virelizier. On 3-dimensional homotopy quantum field
theory II: The surgery approach. Internat. J. Math., 25(4):1450027, 66, 2014,
1303.1331v1. doii10.1142/S0129167X1450027X.

Vladimir Turaev and Alexis Virelizier. Monoidal categories and topological field
theory, volume 322 of Progress in Mathematics. Birkhduser/Springer, Cham, 2017.
doi:10.1007/978-3-319-49834-8.

Vladimir Turaev and Alexis Virelizier. On 3-dimensional homotopy quantum field
theory III: Comparison of two approaches. Internat. J. Math., 31(10):2050076, 57,
2020, |1006.3501v5. doii10.1142/S0129167X20500767.

V. Turaev and H. Wenzl. Quantum invariants of 3-manifolds associated
with classical simple Lie algebras. Internat. J. Math., 4(2):323-358, 1993.
doi:10.1142/S0129167X93000170.

V. A. Vassiliev. Cohomology of knot spaces. In Theory of singularities and its
applications, volume 1 of Adv. Soviet Math., pages 23-69. Amer. Math. Soc., Prov-
idence, RI, 1990.

A. Virelizier. Algébres de Hopf graduées et fibrés plats sur les 3-variétés. These de
doctorat, Université Louis Pasteur, 2001.

Alexis Virelizier. Hopf group-coalgebras. J. Pure Appl. Algebra, 171(1):75-122,
2002, jmath/0012073v1. doii10.1016/S0022-4049(01)00125-6.

Alexis Virelizier. Graded quantum groups and quasitriangular Hopf group-
coalgebras. Comm. Algebra, 33(9):3029-3050, 2005. doi:10.1081/AGB-200066110.
Alexis Virelizier. Kirby elements and quantum invariants. Proceedings of the Lon-
don Mathematical Society, 93(2):474-514, 2006. doi:10.1112/S0024611506015905.
O. Ya. Viro. Quantum relatives of the Alexander polynomial. Algebra i Analiz,
18(3):63-157, 2006. doi:10.1090/S1061-0022-07-00956-9.

Pierre Vogel. Algebraic structures on modules of diagrams. J. Pure Appl. Algebra,
215(6):1292-1339, 2011. doi:10.1016/j.jpaa.2010.08.013.

Kevin Walker. A universal state sum, 2104.02101v1.

Andrew H. Wallace. Modifications and cobounding manifolds. Canadian J. Math.,
12:503-528, 1960. doi:10.4153/CJIM-1960-045-7.

C. T. C. Wall. Non-additivity of the signature. Invent. Math., 7:269-274, 1969.
doi:10.1007/BF01404310.

Paul Wedrich. Categorified sl(N) invariants of colored rational tangles. Algebr.
Geom. Topol., 16(1):427-482, April 2016, 1404.2736. do0ii10.2140/agt.2016.16.427,
J. H. C. Whitehead. Manifolds with transverse fields in euclidean space. Ann. of
Math. (2), 73:154-212, 1961. doii10.2307/1970286.

Sonny Willetts. Vassiliev invariants for knots from the ado polynomials,
2105.09786v1l

Sonny Willetts. A unification of the ADO and colored Jones polynomials of a knot.
Quantum Topol., 13(1):137-181, 2022, 2003.09854v2. do0ii10.4171/qt/161L

Edward Witten. Topological quantum field theory. Comm. Math. Phys.,
117(3):353-386, 1988. URL http://projecteuclid.org/euclid.cmp/1104161738.


https://doi.org/10.4171/086
https://doi.org/10.1016/0040-9383(92)90015-A
http://arxiv.org/abs/1202.6292v2
https://doi.org/10.1142/S0129167X12500942
http://arxiv.org/abs/1208.5696v1
https://doi.org/10.1016/j.jpaa.2013.01.011
http://arxiv.org/abs/1303.1331v1
https://doi.org/10.1142/S0129167X1450027X
https://doi.org/10.1007/978-3-319-49834-8
http://arxiv.org/abs/1006.3501v5
https://doi.org/10.1142/S0129167X20500767
https://doi.org/10.1142/S0129167X93000170
http://arxiv.org/abs/math/0012073v1
https://doi.org/10.1016/S0022-4049(01)00125-6
https://doi.org/10.1081/AGB-200066110
https://doi.org/10.1112/S0024611506015905
https://doi.org/10.1090/S1061-0022-07-00956-9
https://doi.org/10.1016/j.jpaa.2010.08.013
http://arxiv.org/abs/2104.02101v1
https://doi.org/10.4153/CJM-1960-045-7
https://doi.org/10.1007/BF01404310
http://arxiv.org/abs/1404.2736
https://doi.org/10.2140/agt.2016.16.427
https://doi.org/10.2307/1970286
http://arxiv.org/abs/2105.09786v1
http://arxiv.org/abs/2003.09854v2
https://doi.org/10.4171/qt/161
http://projecteuclid.org/euclid.cmp/1104161738

[Wit89]

[Yam94]

[Yet88]

[Zhul6]

BIBLIOGRAPHY 51

Edward Witten. Quantum field theory and the Jones polynomial. Comm.
Math. Phys., 121(3):351-399, 1989. URL http://projecteuclid.org/euclid.cmp/
1104178138l

Hiroyuki Yamane. Quantized enveloping algebras associated with simple Lie super-
algebras and their universal R-matrices. Publ. Res. Inst. Math. Sci., 30(1):15-87,
1994. doi:10.2977 /prims/1195166275.

David N. Yetter. Markov algebras. In Braids (Santa Cruz, CA, 1986), volume 78
of Contemp. Math., pages 705-730. Amer. Math. Soc., Providence, RI, 1988.
d0i:10.1090/conm /078/975104.,

A. V. Zhubr. On smoothing embeddings and isotopies. Math. Notes, 99(5-6):946—
947, 2016. doii10.1134/S0001434616050369.


http://projecteuclid.org/euclid.cmp/1104178138
http://projecteuclid.org/euclid.cmp/1104178138
https://doi.org/10.2977/prims/1195166275
https://doi.org/10.1090/conm/078/975104
https://doi.org/10.1134/S0001434616050369

	Solutions to Chapter 1: Monoidal categories
	Solutions to Chapter 2: Hopf algebras
	Solutions to Chapter 3: Ribbon graphs and the Reshetikhin-Turaev functor
	Solutions to Chapter 4: M-traces and the renormalized Reshetikhin-Turaev invariant
	Solutions to Chapter5: Ribbon 3-manifold invariants
	Solutions to Chapter 6: Spherical 3-manifold invariants
	Solutions to Chapter 7: Topological Quantum Field Theories and decorations
	Solutions to Chapter 8: Topological Quantum Field Theories from skein modules
	Bibliography

