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Abstract— The paper develops a tomographic reconstruction
and regularization method based on a total variation minimization
constrained by the knowledge of the input intervals the Fourier
coefficients belong to. Experiments show that the approach out-
performs classical reconstruction methods such as direct Fourier
method (DFM), filtered back-projection (FBP) and Tikhonov
iterative method (TIM), both in terms of PSNR (an objective
mean-square error) and visual quality, especially in the case of
noisy or sparse data. In addition the resulting algorithm requires
a number of operations of O(N2 log N) only, and is therefore
faster than ordinary iterative methods, such as space-based TIM.

Index Terms— Computer tomography, reconstruction, regular-
ization, iterative method, Fourier method, total variation.

I. INTRODUCTION

IN this work, we consider a Fourier-based reconstruction
and regularization method from given parallel x-ray pro-

jections. The direct Fourier method (DFM) has the advantage
of O(N2 log N) arithmetic operations only for an image of size
N×N , but it produces artifacts due to the conversion from polar
to Cartesian coordinates, which requires interpolation in the
Fourier space. The standard reconstruction algorithm in clinical
application is the so-called filtered backprojection (FBP), which
ensures a good quality of the reconstructed image in case of
sufficient and noise-free data. However in practice, missing data
and random noise in measurements lower the visual quality of
the reconstruted image.

Insufficiency of data may be caused by the undersampling
of projections, by the limited number of views and by the
geometry of the reconstruction grid. The resulting aliasing
artifacts are illustrated in [20] and the authors conclude that
for a well-balanced N × N reconstructed image, the number
of rays in each projection should be roughly N as well as
the total number of projections. In some kind of scanners
(fourth-generation scanners), a very large number of rays in
each projection can be generated, but increasing the number of
views is often technically difficult and FBP algorithm may lead
to thin streaks in the reconstructed image.
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Usually, the noise in the measurement of real systems is
modeled as a shot noise, and the noise variance is then signal-
dependent. The integral of the attenuation function f(x, y)
along a ray at location (r, θ) is given by

Pθ(r) = Rf =
∫

(r,θ)

f(x, y)dxdy = lnNin − lnNθ(r) (1)

where Nin is the mean photon count of incident rays (usu-
ally a known deterministic constant) and Nθ(r) denotes the
observed X-ray photon count. In practice, Nθ(r) is modeled as
a Poisson random variable with mean Nine−Rf(r,θ), where R
is the Radon transform. Kak and Slaney have shown in [20]
that the reconstruction error cannot be reduced by decreasing
the sample distance and they have concluded that very little
improvement can be obtained over the performance of FBP
algorithm. On the one hand, the filter function used in FBP must
be chosen with a support as small as possible to reduce streak
artifacts produced in situations of insufficient data and noise,
but on the other hand, to avoid image distortion, it must be
as close to |ω| as possible. Therefore, classical noise-resistant
tomography methods are always computationally prohibitive.

The standard approach of regularization is known as the
Tikhonov iterative method (TIM) and consists in the following
optimization problem:

min
f

||Af − g||2 + λφ(f) (2)

where A denotes a system matrix, g the measured projection,
φ the regularization functional, and where the parameter λ
controls the tradeoff between a good fit to the data and the
smoothness of the solution. The solution is found by a gradient
descent method (for example, the conjugate gradient algorithm)
which requires great demands on system memory and intensive
computation because of a large matrix multiplication (projec-
tion or backprojection) in each iterative step.

Now, let us devote our attention to the regularization func-
tional φ. Classical norms such as the quadratic one are not
well-suited, since they tend to reconstruct images with blurred
edges. Therefore, few authors introduced the semi-norm of the
Total Variation (TV) in the context of computer tomography
(see e.g. [4]) : if the image f is defined on the bounded, open
and convex region Ω of R

2 such that f ∈ L1(Ω), one sets

TV(f) :=
∫

Ω

|∇f |dx (3)

where ∇f is the weak gradient of f , that is, the vector of
the weak partial derivatives of f . The TV functional has been
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first introduced by Rudin, Osher and Fatemi in [27] in the
context of image denoising and afterward this approach has
been enlarged to other image processing problems (see e.g. [1]
[9] [8] [15] [22] [23]), while various numerical schemes have
been proposed (see [6] [5] [10] [11] [13] [30]). It has proved
to be particularly relevant in recovering piecewise smooth
functions without smoothing sharp discontinuities. Medical
images such as tomographic ones do not contain significant mi-
crotextures and most of oscillations are caused by undesirable
high-frequency noise and by Gibbs phenomena traditionally
associated to Fourier methods. For tomographic images, the
most meaningful visual information is given by the shape of the
objects (such as tumors), and therefore edges and enclosed areas
have to be reconstructed sharply and without artifact. As the TV
functional penalizes oscillations but not sharp discontinuities,
the set of functions of bounded variation appears to constitute
a particularly relevant regularization model.

The ill-posed problem of tomographic imaging can be solved
by adapting this general framework : the constraint space is
made by the known values (f̂(u, v))(u,v) in the polar grid,
while the TV-minimization process allows to reconstruct the
most regular image satisfying the constraint, in respect to
the TV semi-norm. Solving this problem formulated in the
Fourier domain leads implicitly to solve the polar to Cartesian
interpolation, in an optimal way regarding the BV image model.
To the best of our knowledge, other approaches using TV-
minimization in the Fourier domain are up to now limited to
extrapolation and interpolation of the spectrum [18] [24] in
order to enhance image resolution (zoom). One may consider
our method as a very particular case of spectrum extrapolation
and interpolation, where known and missing values follow a
specific geometry. Up to now, only a very few articles combines
TV with tomography reconstruction [4] [19]. These two works
do not consider a constrained problem as we do, but rather
an unconstrained one like the formulation (2), and they do
not apply to x-ray parallel beams tomography (although they
probably could be adapted to).

In the numerical analysis of the TV minimization, the dif-
ficulty comes form the non-differentiable argument |∇|. Most
authors introduce a form of relaxation as

TV(f) =
∫

Ω

√
|∇f |2 + β dx (4)

where β is a small positive parameter [4] [19]. However, by
smoothing the TV functional one loses more or less the main
advantage of the BV model: allowing restoration of sharp
discontinuities. Therefore, a few number of authors proposes
to compute the TV without any regularization and to overcome
the singularity, one may adjust the standard gradient descent
algorithm to subgradients [5] [14] [18] [21]. In the following
we adapt the numerical scheme introduced in [1] and fully
developed in [2], which restores JPEG-compressed images by
performing a subgradient pseudo-descent with a projection on
a constraint. In that case the constraint carries the information
of the quantized cosine coefficients, while the TV-minimization
process allows to reconstruct, along all images satisfying the

constraint, one having minimal TV.

II. CONSTRAINED TV MODEL

Usually, it is simpler to solve unconstrained problem like
(2) rather than constrained ones. However, this implies the
introduction of the parameter λ. In the following, we will
formulate and solve our problem using its constrained form.
Let BV (Ω) be the space of functions of bounded variation
on Ω = {x ∈ R

2 : ||x|| < 1} and f ∈ BV (Ω) such that
Suppf ⊆ Ω . We want to reconstruct a discrete image (fm,n)
of size N × N on the Cartesian grid

(xm, yn) := (m · Δx, n · Δx)

(m = −N

2
, · · · ,

N

2
− 1, n = −N

2
· · · ,

N

2
− 1, Δx =

2
N

)

Let Pθ(r) be given at the grid points

(rk, θl) := (k · Δr, l · Δθ)

(k = −K

2
, · · · ,

K

2
− 1, l = 0, · · · , L − 1, Δθ =

π

L
).

Using L univariate FFT of length K , we get

Sk,l := P̂θl
(ωk) = Δr

K
2 −1∑

s=−K
2

Pθl
(rs)e−2πj· sk

K

(k = −K

2
, · · · ,

K

2
− 1, l = 0, · · · , L − 1)

From the Fourier slice Theorem [20], frequency coefficients are
given over the polar grid. To perform the bivariate inverse FFT,
we must guess frequency coefficients over Cartesian points. As
noted in [25], direct interpolation is not necessary and may
be changed by a more general procedure. Let (Fm,n) be the
Fourier coefficients of (fm,n) in the Cartesian grid, that have
to be recovered. We assume that every Fm,n is bounded by the
extreme values of its neighbors from which values are known,
therefore from neighbors in the polar grid. We denote by U
the constraint space of images which satisfy this boundary
condition :

U =
{

f ∈ R
N2

: Fm,n ∈ [F−
m,n, F+

m,n]
∀m, n = −N

2 , · · · , N
2 − 1

}

The neighborhoods that allow to compute [F−
m,n, F+

m,n] are
based on disks and will be detailed in Section 3.

Our constrained optimization problem can now be simply
written as

find f∗ ∈ U such that TV(f∗) = min
f∈U

TV(f). (5)

To compute TV(f), we adopt the discrete approximation used
in [14] [1], that is

TV(f) =
∑
m,n

√
a2

m,n + b2
m,n + c2

m,n + d2
m,n
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with
am,n=fm+1,n − fm,n

bm,n =fm,n+1 − fm,n

cm,n =fm,n − fm−1,n

dm,n=fm,n − fm,n−1.

Since TV is a convex function and U a convex set, any
solution f∗ of (5) is given by

t > 0, f∗ = P(f∗ − t · g(f∗))

where P is the projector onto U that minimizes the distance
and g(f) a subgradient of TV(f) at f .

III. DISK NEIGHBORHOODS

By allowing frequency Fm,n to freely vary inside
[F−

m,n, F+
m,n], one permits to smooth the reconstructed image

regarding to the TV functional. The geometry of the polar
neighborhood has to be designed with care : on one side,
neighborhoods should not be too wide in order to use all known
information. On the other side, they should not be too narrow so
that the algorithm could be able to smooth the image enough to
remove the noise. In this paper, we consider disk neighborhoods
since there is a priori no reason to favor frequency directions.
Disks are of constant radius r and are centered at coordinates
m, n of the Cartesian grid. It is known that over the polar grid,
points representing low frequencies are dense enough, whereas
high frequency points are sparse. For points m, n located near
the origin, the disk neighborhood might include too many polar
points and so the constraint [F−

m,n, F+
m,n] may be too large. We

therefore limit the number of polar points to a fixed integer
M . More precisely, let P (k, l) be the point over the polar grid,
C(m, n) the point over the Cartesian one and Vm,n the disk
neighborhood of C(m, n). We set

Vm,n = {(k, l) : d(P (k, l), C(m, n)) < r} , (6)

the list of points (k, l) being ordered in increasing distance from
C(m, n) and limited to at most M points. At high frequency it
may exist (m, n) such that Vm,n = ∅, which means that Fm,n

cannot be recovered by the knowledge of its neighborhood.
In such a case we do not set any constraint on (m, n), and
therefore highest frequencies are reconstructed by means of
TV spectral extrapolation [24]. To summarize, intervals which
define the constraint space are given by

F−
m,n =

⎧⎨
⎩

min
(k,l)∈Vm,n

Sk,l if Vm,n �= ∅,
−∞ if Vm,n = ∅.

F+
m,n =

⎧⎨
⎩

max
(k,l)∈Vm,n

Sk,l if Vm,n �= ∅,
+∞ if Vm,n = ∅.

Experiments show that parameters r and M may be fixed
to r = 3 and M = 30; they do not appear to depend on
the content of the image. As the FFT requires the number of
samples to be a power of two, projection data are zero-padded
before computing the 1D transform of every row. Besides,
this operation generates a denser polar grid and this pre-
interpolation eases to get non-empty Vm,n at high frequencies.

IV. ALGORITHM

The constraint space U being computed as above, we nu-
merically solve (5) using a subgradient algorithm combining a
projection on U :

fk+1 = P (fk − tkg(fk)),

where the first image f0 could be an uniform image, but a
better choice would be the image reconstructed by a direct
interpolation method. The same kind of constrained optimiza-
tion algorithm has recently be proposed in the context of
decompression of JPEG images [2], and results given therein
allow to prove the following convergence result (see also [29]
for a classical reference)

Theorem 1: Let (tk)k be a choice of steps satisfying

lim
k→+∞

tk = 0,
+∞∑
k=0

tk = +∞, and
+∞∑
k=0

t2k < +∞. Then,

∃f∗ ∈ U/ lim
k→+∞

fk = f∗.

We can sketch the algorithm as follows:

1) Zero-pad the projection data and perform 1D-FFT;
2) Compute the family of [F−

m,n, F+
m,n];

3) Get f0 with linear interpolation, set k = 0;
4) Choose a maximal number of iterations Iter;
5) Choose tk according to Theorem 1, e.g. tk = C

k+1 ;
6) Compute vk = fk − tkg(fk);
7) Get the Fourier coefficients of vk, F (vk), by 2D-FFT;
8) Compute the projection on the constraint :

if F (vk)m,n < F−
m,n, let Fm,n = F−

m,n;
if F (vk)m,n > F+

m,n, let Fm,n = F+
m,n;

else Fm,n = F (vk)m,n;
9) Apply Inverse 2D-FFT to reconstruct P (vk) from

(Fm,n), set fk+1 = P (vk);
10) Increment k, loop to step 5 while k < Iter;
11) End.

As r and M are fixed, the only remaining parameter is Iter
(or, equivalently, C), but we will see in section V that Iter can
be chosen small, leading to a fast algorithm : pre-computation
of the constraint space U needs O(N2) operations while
other computations are of the same order of the FFT, that is
O(N2 log N). The overall complexity of our algorithm remains
therefore in O(N2 log N).

V. EXPERIMENTAL RESULTS

We have experimented our algorithm on the well-known
Shepp-Logan head phantom, for which projections data have
been computed using a discrete Radon transform. Two kinds
of projections data are simulated: Poisson-noised data and a
case of insufficient data. We set always Δr = Δx so there are
K ≈ √

2 × N parallel beams for each angle. For the photon
number of X-ray source Nin, we choose 104. Each row of
projections is zero-padded to the nearest power of two greater
than or equal to two times the number of rays.

One would like to choose Iter as large as possible, to try
to reach the convergence point f∗. However, as it has been
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already noticed in [2] [14] [1] [24], a small value of Iter is
recommended : the visual quality of the reconstructed image
does not grow when Iter is greater than a given threshold.
Indeed, if in the first steps the algorithm tends to reduce
oscillatory artifacts (ringing), after a while the TV functional is
known to produce staircase effects [7] [12] [15]. The constraint
we are using protects somewhat from this phenomenon, but is
too weak in highest frequencies to avoid it completely. We
experimentally confirmed that the quality of the reconstructed
image is first rapidly increasing with the number of iterations,
and slightly decreases after a threshold has be reached. As
the graph in Fig.2 shows it, the optimal number of iterations
depends on the quantity of noise, but it remains always lower
than 10. The following experiments are done with Iter = 7.

Fig. 3 presents simulation results for different reconstruction
methods: DFM with linear interpolation, FBP with Hamming
filter, TIM with TV regularization and our constrained TV
model. As expected, the image obtained by DFM is very noisy
while FBP, thanks to the low-pass Hamming filter, allows to
reconstruct a less noisy image. However this image is blurry
since high-frequency components are all considered as noise
and the reconstruction is done mainly with low-frequency ones.
Thanks to the TV-regularization, Tikhonov+TV model performs
well in denoising data, but the image is blurred by the relaxation
(4) and by the absence of constraints. As a result, edges are
not well preserved and the PSNR is very low. Best results are
by far obtained with our constrained-TV minimization method,
that denoises the image without significantly affecting edges.
Also, the PSNR is much greater than the other ones, since our
approach allows to keep the information in the high-frequency
band while the noise is removed by the action of the TV
functional.

Fig. 4 shows images reconstructed with insufficient data.
Some streak artifacts are produced with FBP while Gibbs
artifacts can be seen in the DFM-reconstructed image. The
image obtained with FBP and Hamming window does not
present so many artifacts but, due to smoothed edges, it obtains
a lower PSNR. Here, we was not able to perform the experiment
with TIM+TV since the system matrix was too huge to be
computed. Best results are still obtained with our constrained-
TV minimization method, that perfectly suppresses all streaks
while achieving the best PSNR.

VI. DISCUSSION

Iterative methods, such as the one we have presented, are
known to be computationally expensive. Our algorithm is
indeed slower than FBP and DFM, but it remains in the
O(N2 log N) bound. The key point is that we do not have
to reach the convergence of the iterative process. We believe
that the small amount of iterations (a maximum of 10) would
not be an obstacle in using this algorithm for real computer
tomography with modern hardware. Compared to other iterative
methods, our algorithm is pretty fast. In addition to the very
few number of iterations, the precomputation time and the
memory needed for disk neighborhoods are lower than the

Fig. 1. The variable disk neighborhoods with r =
√

2 and M = 16 (these
values are for illustration). Points P (m, n) of the polar grid are marked as
dots while points C(m, n) of the Cartesian one are marked as squares.
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Fig. 2. PSNR versus number of iterations. The quality of the reconstructed
image is firstly rapidly increasing, and slightly decreases after a given threshold
has been reached. This optimal number of iterations is 3 for noiseless images
and increases with the quantity of noise, but does not exceed 10.

precomputation time and the memory needed by the discrete
Radon operator of space-based unconstrained models.

On the Shepp-Logan phantom, the constrained-TV algorithm
presents improved PSNR compared to classical methods and
noise-free images can be reconstructed while edges are kept
sharp. The study we have presented is the first version of a
constrained-TV formulation and in the future, one should be
able to improve the algorithm in several ways. One may try
to improve the geometry of the constraint and the speed of the
computation. Also, the approach is greatly versatile and may be
formulated to other measurement geometries such as fan-beam
projections and diffraction tomography.
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