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Introduction
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Scheme based on an Approximated Equation

€ uniformally small
u¢(z) ~ u(z) strongly for small e

u€ solution to u solution to
Ecuc=0 €0 Eu=0
Az—0

upz solution to

EAZ upnz = 0
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AP Schemes

€ non uniformally small
u¢(z) ~ u(z) strongly for small e

u€ solution to u solution to
Ecuc=0 e—0 Eu=0
Az—0 Az—0
uya, solution to upa solution to
_—
€ € N N
Az UAZ_O €0 EAZ UAZ_O
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Two-Scale Numerical Methods

€ uniformally small
u(z) ~ u(z) weakly and u(z) ~ U(z,( = 2) strongly for small ¢

u€ solution to U solution to
—_—
Ee uE:O e — 0, two-scale SU:O
Az—0

upz solution to

SAZ UAZ =0
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SAPS

u® solution to

u solution to

Eeue:O € — 0, weak-* Eu:O
e U solution to /z o
EU=0
Az — 0 ~ o Az — 0
U* solution to
EU =0
Az — 0
uya, solution to cso upz solution to
Egz U€Az =0 EAz Upnz = 0
Az — 0
U, solution to {d:
gAz UAz =0
et
U4, solution to
¢ non uniformally Ea,Ua, =0 ut(z) ~ u(z) weakly
small u(z) ~ U(z,¢ = £) strongly for small e
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Equation of Interest
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Vlasov Equation with Strong Magnetic Field

of¢
ot

+V-fo€+<E+v><g>-va6:0,

fe(t=0,x,v) = fo(x,v),
teR,, xcR3 veR?
Distribution function: f¢ = f¢(t,x,v)

Electric field: E€ = E°(t,x)
Magnetic field: M =e;
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u® solution to

Ecu-=0

Az — 0

ux, solution to

€ € —
Az Unz = 0

e — 0, two-scale

U°¢ solution to

EU =0

e — 0, weak-*

e—0

U solution to

EU=0

Az — 0

UL, solution to

€ —

Ce€
“Az YAz —

Ua. solution to

gAz UAZ =0

u solution to

Eu=0

Az —0

upz solution to
EAZ upz = 0
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Convergence as € — 0 for £€

Ase—0:
fe(t,x,v) = f¢ Two-Scale converges to F = F(t,7,x,v)

i.e: fe(t,x,v)NF(t,E,x,v) when e ~ 0
€

2w
or: /7“ (¥)€ dtdxdv — // Fi drdtdxdv| ase—0
0

(¥)(t,x,v) = ¥(t, £,x,v)

Y(t, T, %, v) regular, compactly supported in t, x and v and periodic in 7

27
fe—\f:/ Fdr weak —x
0
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Properties of F

Weak formulation with oscillating test functions :

/fe((aadt))e+i(?f)e+v. (qu/))EJr (E+v X %) . (V\,d))e> dtdxdv

Z/ﬂ)w(O,O,.,.) dxdv
Fe Ker(%Jr (vx M) V) ie:
F(t,7,x,v) = G(t,X, r(T)v) G(t,x,u), r(t) = ( 0 ot —sinr )

9G
2 b uy -V, G+E| -V G =0,
ot Il I

1
G(t=0.xu) = >—fo(x.u),
™
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Properties of F - Resuming

1 €
z (ff — (F) ) Two-Scale converges to F;
€

F1(t,T,X7V) =

Gi(t,x, r(r)v) + I(t,7,%,V)

Equation for Gy

I(t, 7, x,v) =

(r(r+3)—r(3) vl Vi, G(t,%, r(T)v)
r —r(3))EL -V, G(t, %, r(T)v)
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Equation for the weak —x limit

27
/ (Eq. for For G) dr =
0
of
ot +v Vo f + B -, f =0,

1 27
f(t:O,x,v):2—/ fo(x,u(r,v)) dr.
T Jo
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u® solution to

Ecu-=0

Az — 0

ux, solution to

€ € —
Az Unz = 0

e — 0, two-scale

U°¢ solution to

EU =0

e — 0, weak-*

e—0

U solution to

EU=0

Az — 0

UL, solution to

€ —

Ce€
“Az YAz —

Ua. solution to

gAz UAZ =0

u solution to

Eu=0

Az —0

upz solution to
EAZ upz = 0
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Decompositon
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Sought shape for 7€ - Work program

Use:
K 0 M I 0 M) -V,
er(aT (vx M)- )@m(a +(vx M) V)
S S
af(t,7,%x,v) ﬁe(t T,X, V)

FE(t,%,v) = (£, =%, v) + (¢, £, x,v)

Project Eq. for f€ on

9 0
Ker(g—k (vx M) W) and lm(@"’ (v x M)- W)
and find Eq. for ¢ and B¢

which is the Two-Scale-Micro-Macro decomposition
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Sought shape for € - Choices

0
€ Ker(g—i— (vx M) W)

Fe(t,x,v) = G(t,x,r(T)v) + €Gj (t,x, r(7)v)
ok

+el(t,7,%x,v) + a—(t,T,x,V) + (v x M) - Vke(t, 7,%,v)
T

elm(%+(vXM)~Vv)
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The Two-Scale Macro Equation

/ ( (Gor) + e(Gfor) + e(1) + (8;;)6 + (v x M) - (v\,ke)e)

) . 0 " ¢ M €
((;f) + %(6—%) +v- (V) + (E+v x 7) (W) ) dtdxdv

= / f01(0,0,.,.) dxdv

W(t, T, x,v) = (’}/OI’)(t,T,X,V) = 'y(t, X, I’(T)V)
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The Two-Scale Macro Equation - 2

[ &[G =Bl s+ o

_ / (8(’52 _))67 dtdxdv

1 ok Y ' ~Jon
Jr7/ [(Wr )+([r(6)u] x M) - (VikCor )]mdtdxdv

)E] -Vuv] dtdxdv

e (G ]
|

[r(_z)u} Vv + [r(z)E} . Vu'y} dtdxdv =0
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The Two-Scale Micro Equation

J (0 (G eGer) ety + (Gf + v x M) (k)
((?;f)e + %(gif)e +v- (wa)e + (E +v X %) . (V\,wf) dtdxdv

= / (0,0, .,.) dxdv

0
Y(t, 7, x,v) = 6—K(t,7,x7v) + (v x M) - Vk(t, 7, %, V)
T
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The Two-Scale Micro Equation - 2

(Gt (25 o2 (o (58]
[(?:);("XM)'(VVH)E} dtdxdv

of (e[ (Gt mmaese (5]

(B X M) - (Ve + E- (V26 (v x M) + (v x M) - (185;,@)

—v-(V\,ﬁ)€+(v></\/l)~(szfi)e(va)] dtdxdv
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- / e<a(gli°r)>€ Kg’:) +(vx M) (Vm)e] dtdxdv
+ /e(Gfor)E {v : (85;“5 +(vx M) (%Wr)v+E- (agf)e
+(ExM)- (k) +E-(V25) ( va)] dtdxdv
S v
Jare (s esapee (5
g

+/<Gle(07 X, )+k(, , 7\/)))

M

(W )e] dtdxdu

7)ee

V ) }dtd dv

[(gi) (0,0,x,v)) + (v x M)(%kr)(0,0,x, v))} dxdv =0




