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Introduction :
The two
parameters

Charge particles submitted to Strong Magnetic Field

In Usual Coordinates : (x,v) = (x1, X2, X3, V1, Va2, V3)

X(t;x,v,s),V(t;x,v,s)

oX

ot =V

oV ¢

i E(E(X) +V x B(X))

B : Strong Applied piece + Strong Self Induced piece +

1 Self Induced Perturbations
— —-B
3 Forgotten

E : Self Induced piece

(E=—-Vd,B=V x A)
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Helicoidal trajectories - Larmor Radius
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Introduction :
The two
parameters

Electron

Source: S. Jardin's Lectures at Cemracs’10

In Tokamak:
Electron Larmor Radius ~ 5-10~*m
lon Larmor Radius ~ 1072m
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Dimensionless Dynamical System
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Introduction :
The two

parameters |On Larmor Radius

Tokamak size 10m

X
ot
oV B(X)
Al B(X)
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Introduction :
The two
parameters

Simplifications

Skip E

Turn to dimension 2: x = (x1,x2), v = (v1, v2), with

B(x) =

B>1,

(0707 B(XlaXZ))
0A 0A
B(x1,x) =V x A(x1,x2) = 8—)(12(X1,X2) - a—le(xl,XQ)
V X(O) = Xp,
1
g V(O) = Vo

Emmanuel Frénod
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Gyrokinetic model

The
Geometrical
Gyro-Kinetic

Approximation

Emmanuel
Frénod

Introduction :
The two
parameters

0 Z]_ o Sj 37(2) o
at (Zz) ~ B(2) —@(Z) ’ 20) =2

for magnetic moment J
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What is hidden
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Key result

The
Geometrical
Gyro-Kinetic

Approximation IF: In coordinate system r = (11, 2, 3, 1), a Hamiltonian Dynamical
Emmanuel System writes:

rénod

M 0 0
R Mo o
e 5 = PRIVGHR) P = |50 1
00|-1 o0
with
OH _
5‘r3
THEN: M —o  anD: 2% g
Oory ot

(TrajeCtory R = (R17 R27 R37 R4))

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation



The
Geometrical
Gyro-Kinetic

Approximation

Emmanuel
Frénod

Methode
summarize

Panorama

Usual Coordinates

(x,v)

X
ot

ov 1
—=IB(X)*V
ot e

1: Hamiltonian? | 2

.
Canonical Coordinates
(a,p)
H. = Ac(a, p):

% — Vp":/a
ot
oP o
= —WH.
ot 9

Emmanuel Frénod

Polar Coordinates

(x,0,v)

4: Darboux Methodl

r

Darboux Almost

(y,0,v)

Canonical Coordinates

: Lie Method l

o1

Lie Coordinates
(z,7,J)
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Methode
summarize

Panorama

Usual Coordinates
(x,v)

He(x,v), Pe(x,v) s.t:

X

ot

oV

ot

= Ps Vx,v Hs

J

1: Hamiltonian? 2

Canonical Coordinates
(a,p)

Ac(a,p), P-(a, p)=S

s.t:
oQ
g;, = SV«LPFIE
ot

Polar Coordinates
(x,6,v)
H.(v), Pe(x,0,v)

4: Darboux Methodl

r

Darboux Almost

Emmanuel Frénod

SEm—
[T‘;\‘ﬁ) §) Canonical Coordinates
00 [-1 o0 (y797 k)
L ﬁs(%Oa k)aﬁs(Y)
5: Lie Methodl
( Lie Coordinates
(z.7.))
He(z,)), Pe(2)
= P.(2)
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Canonical Coordinates

The -
Geometrical Usual Coordinates : (x,v) = (x1, X2, v1, V2)

Gyro-Kinetic

v Trajectory : (X(t; x,v,s),V(t;x,v,s)) ((X,V) = (X2, Xz, V4, Vz))

Emmanuel

"""" oxX Vv

T B(x) =V x A(x)

ov 1 n

— =-B(X

ot ¢ (X)

S Canonical Coordinates : (q,p) = (q1, g2, p1, P2)

Trajectory : (Q(t;q,p,s),P(t;q,p,s)) ((Q.P)= (@, @, P1,P2))

q=x x=q A Q=X X=Q

p—vi AK _ (Eq) p_ V+A(X)V:P_m

€

0Q o 1 A(q) 2
It He(a,p) =5 |p — (q)’
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Check of Canonical nature of Canonical Coordinates

The
Geometrical
Gyro-Kinetic
Approximation _—

ot . o o _} B M >
oP = SVgpHe. A.(q,p) = 2‘,, - }
ot
0Q _AQ)

— =Y,H.(Q,P)=P .
Hamiltonian T
(9£ - _qu:IE(Q, P) = (VAE:Q)) (P _ A(Q))

System
&

(VA (p—A)=(VA)(p—A)+(V xA) {(p—A)
Q_, AWQ

at -
0P (vA@) (p AQ)_ T XAQ) ., AQ)

ot € € €
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Check of Canonical nature of Canonical Coord. - 2

The
Geometrical
Gyro-Kinetic

Approximation

Q_,
ot €

S ) TR0 ()
Hamiltonian 67X — V

System 81’ 8 P A(Q)

opP (VA(Q))<<9Q) _ [ ¢ ] _ VxAQQ) L(Pi @)

ot € ot ot 5

NV VxAX) |

Vv
ot €
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As by products : Poisson Matrix, Poisson Bracket,

Change of Coordinates Formula

The In any coordinate system r = (r1, 2, 3, r4), the Dynamical System

Geometrical

Gyro-Kinetic writes:

Approximation

O ~ PRIMH(R) = (1. H}(R)

{f, g}(r) = (Vf(r)) - (P(r)(Vg(r))) (fand g : R* - R)

({f. g}(r)i = (Vifi(r)) - (P(r)(Veg(r)))

Hamiltonian (f:R* - R* and g: R* = R)
I(r)=r

Another coordinate system ¥ = (7, /2, 5, f4) with ¥ = p(r),
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Hamiltonian
System

Panorama

Usual Coordinates
(x,v)

He(x,v), Pe(x,v) s.t:

X

ot

oV

ot

= Ps Vx,v Hs

1: Hamiltonian? 2

Canonical Coordinates
(a,p)

Ac(a,p), P-(a, p)=S
s.t:
oQ
at -
oP ’
at

3

Polar Coordinates

4 Darboux Method

r

Darboux Almost
Canonical Coordinates

Lie Method

Lie Coordinates
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Hamiltonian
System

Hamiltonian Function and Poisson Matrix in Usual

Coordinates

1 .
He(x,v) = §’V|2 (He(a,p) = %(P -2

vx vHs = (0>
’ v

0 b
Pe(x,v) = (_,2 <VA())—<VA<>>>

€

Indeed:
v

P(x, )Vt = | (VA(X)" ~ (VA(X) |
£

To be compared with:
oX

o VY
N _VXAX) 1y _Lgix)ty
ot € €
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Formula giving Poisson Matrix

Geo! Il:frical O I2
Tl -0V = | A (A
Approximation — 12 I ——

Emmanuel

Frénod Change of coordinates: ¥ and r with ¥ = p(r) and r = p(¥) = p~1(F)
(P@)i = {pi» p;}(B(7)

)thh (x.v) = £(a.p) and (a,p) = 7(x,v)

Here: (x,v) and

Hamiltonian

(a,
System For instance : £5(q,

p) = p1 — 249 and £,(a,p) = pr — 2219
Sl , L)
= 1 0
v£3(q7 P) = € 8f2 (q) S= <_I2 02> V£4(q’ p) — | = qu (q)
0 1

{€3,&a}(m(x,v)) = -

1/0A; 0A;
: (aT,l x) = aT,Q(X))
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Polar Coordinates (in velocity)
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Polar
Coordinates
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Hamiltonian Function and Poisson Matrix in Polar
Coordinates
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0 0
Polar P 0v) = s (0)  sin(0) v B(x)

Coordinates 0 —

% v B (x) ev
. X
sin(0)  cos(H) . 0
Singularity in v =0 and w, = B(x) >0
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Polar
Coordinates

Panorama

Usual Coordinates
(x,v)

He(x,v), Pe(x,v) s.t:

X

ot

oV

ot

= Ps Vx,v Hs

1: Hamiltonian? 2

Canonical Coordinates
(a,p)

Ac(a,p), P-(a, p)=S
s.t:
oQ
at -
oP ’
at

Polar Coordinates
(x,6,v)
H.(v), Pe(x,0,v)

4 Darboux Method

r

Darboux Almost
Canonical Coordinates

Lie Method

Lie Coordinates

Emmanuel Frénod
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Darboux Method Target

The
Geometrical

S Find a Coordinate System (y, 6, k) s.t. Poisson Matrix (P.) shape:
Approximation

00
00|12

0 0
0 or 0
0 0

O = O O
onlHO O

00
00| -1

(v.0.k) = T(x,0,v), (x,0,v) =€y, 0,k), (£=T1)
(Pe(y. 0. k)5 = {10, T HE(Y. 0, k), {0, T3} = (V) - (P-(VT))

Needed: {T4,T3} = —% (={T«,To}={k,0})
{1, 13} =0 (={",, To}={y1,0})
(T, M} =0 (={MN,,Tu}={y1,k})
{23} =0 (=M, To}={y2,0})

{2} =0 (={M,,Tu}={y2, k})

Emmanuel Frénod
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First equation processing

The

ool (1,73} = -1 (={T,Ty}={k 0})

Approximation
or

Emmanuel

rénod

sy =1 (=M} ={0.k}) (o)

‘ VT3(: VTG) = (0707 l’ O)T ‘

13,7} = (VT3) - (P(VT4)): penultimate comp. of (P=(VTy))
(¢) =

Darboux

8T4 . (’91‘4 8T4 o 1 - B(X)
cos(G)a—X1 — sm(&)a—x2 +w6W == (we(x,v) = oy )

(Ta(x,0,v) = k)

Method of Characteristics

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation



Method of Characteristics - 1: exact solution

8T4 . 81‘4 8T4 1 B(X)
The. )= —sin(0) o— + w. —— = = =—
gyerc:)r:-:itrl;lectakl: COS( )8X]_ Sln( )8X2 + We aV 63 (WE(X7 V) cv )
Approximation
Smmanuel 0Ty vcos(6) 0y vsin(0) 0T, v

v " STB(x) o - B(x) dx  B(x)
T4|v:0 =0 (In fact T”v:,, =0 for v — 0)

X1(6; v; x, u) s.t. % = 5LS(0) X1(0; u;x, u)=xq

v B(Xl,XQ),
0, vsin(6)
Xo(0; v; t — = —— X-(60: u: _
Darboux 2(9' viX, u) st ov 5B(X1,X2)' 2(9. u; X, Ll) X2

v s
Ta(x,0,v) = T4(X(0;0;x,v),0,0) +/0 mdg

_ / s g
Jo B(X(6;s;%,v))
Gives explicit expression of k in terms of (x, 6, v)

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation



Method of Characteristics - 2: Asymptotic expansion

h X1(0; vix,u
Geomefrical X(e, v, X, u) = < ( ) )
Gyro-Kinetic

Xo(0; v; x, u))
Approximation aX

emmanuel R evxsomething = X close to x = X = x+ev Xt +2v2X2+. .
rénod v

cos(6)
o B(x1, %)
B(Xla X2)

X = x+ veF(x,0) + v L.p(sF)(x,0) + v L2 (sF)(x,0) + ...

L(F) linked to Lie derivative
Indentifying with:

Darboux

X=x+evX+22x%+. ..

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation



Method of Characteristics - 3: Asymptotic expansion
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v s
0.0~ || g v

Y < Yo 1oy y1g
/OB()dJrs/o T (x)))c'd+

+52/0 (T2(—) X+ T grs) X2>ds+...

B(x) ()

Darboux

(77 linked with the Taylor expansion coefficients)

Gives new variable k as an expansion in ¢

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation



On other equations - Poisson Matrix in Darboux

Coordinates

The {T4,T3} = —% (:{Tky.ra}:{k79})

Geometrical

Gyro-Kinetic Processed. Gave k

Approximation

Emmanuel

N (11,73} = 0(={",,To}={y1,0}), {T1,Ta} = O(={",, Tk }={y1, k})
{"2,73} = 0 (={My., o }={y2, 0}), {Tz,’mT} " 0 F(>:{'ry2,'gk}={y2, k})

Will give y and k in terms of (x, 6, v) and expansions in e:
T=704erT! +272 ...

Darboux Hence: (y, 6, k) gotten o
Last term of new Poisson matrix P.(y, 0, k):

(P12 = —(Po)ar = { T, T2} (={ My, My }={11, y2}),

0 g 0

P.(y.0.k) = | E®
(v, 0, k) 0 o o 1
0 0

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation
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Darboux

Hamiltonian Function in Darboux Coordinates

We know:
2

m H.(x,0,v) = 0

m H.(y,0,k) = H.(£&(y, 0, k)) with € = T}

BT =704l 4272 4

We do :
m =60 rett 42824

B HA(E0 + €t + 2262+ .. ) = Ho(€%) + eTH(H.)(€%) - €' + . ..

H.(y, 0, k) = B(y)k +eH (y,0, k) + 2H’(y, 6, k)

Emmanuel Frénod

First term : Independent of 6
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Darboux

Let us take stock

Usual Coordinates
(x,v)

He(x,v), Pe(x,v) s.t:

X

ot

oV

ot

= Ps Vx,v Hs

J

1: Hamiltonian? 2

Canonical Coordinates
(a,p)

Ac(a,p), P-(a, p)=S
s.t:
oQ
at -
oP ’
at

_—

3

Polar Coordinates
(x,6,v)
H.(v), Pe(x,0,v)

4: Darboux Methodl

r

Darboux Almost

SEm—
[T‘;\‘ﬁ) §) Canonical Coordinates
00 -1 0 (y797 k)
L H.(y, 0,k),P:(y) )
5. Lie Method

Emmanuel Frénod

Lie Coordinates
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Lie Transform based Method Target - 1

The We have P_(y, 0, k): nice shape. But:

Geometrical
Gyro-Kinetic

Approximation Pa(y7 97 k) — ﬁo(y’ ﬂ’ k) + aﬁl(y’ 9’ k) + €2ﬁ2(y, 93 k) + . o

Emmanuel

e depends on 6.
Key result +— f#—independent Hamiltonian Function.
Target: Change of coordinates

(y,0, k) = (z,7,4) = ¢y, 0, k)
leaving P. unchanged,
(P(2,7,4) = Pe(2,7,0): Pe(y, 0, k) = Pe(y, 0, k))

e—parametrized, close to identity, i.e.:

¢(y, 0, k) = [C(E(y. 0, k) = (y,0, k) + ¢ (y, 0, k) + e3¢ (y. 0, k) + ...

Ho(2,7,j) = H-(M2z,7.))) = H%(z,)) + eH'(2,)) + 2 H?(2,j) + . ..

(A=¢)

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation
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Lie Transform based Method Target - 2

We have P.(y, uy, k,8): nice shape. But:

H.(y,0,k) = H (y, §, k) +<H' (y,0,k) + 2H (y, 0, k) + ...

depends on 6.
Key result +— f#—independent Hamiltonian Function.
Target: Change of coordinates

(¥, 6, k) = (2,7,4) = ¢(y, 0, k)
leaving P. almost unchanged (up to order N in ¢)
(Pe(z,7,J) = Pe(z,7,J) + " Something, Pe(y, 8, k) = Pe(y, 8, k) + " Something)

e—parametrized, close to identity, i.e.:

C(y. 0, k) = [CE)(Y, 0, k) = (y,0, k) +eC(y, 0, k) +e2C(y. 0, k) + ...
H-(2,7.)) = H-(A(z,7.))) = H(2,j) + eH(2,j) + 2 H?(2.))

L eNAN(z, ) + NN (Z, 0, f)
(A=¢™)

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation



A remark
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e (S5 &) en) -

n=0
i jI'I _ n i jI'I B ,
{(Z ngl (X57) ) & <Z 6,7 (XZ7) > : h} + eVSomething
n=0 n=0
. ) n
ij e o \n F
196’1,?(% 0, k)= (2; = (ng) > . Fj (y,0, k)
— 5

r1o(y,0,k) = y1, T2 (y,0,k) = y2,¥3: (y,0,k) = 0,74 : (y,0, k) — k

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation



Consequence of the remark

E()+1)

The For g1, ...

Geometrical
Gyro-Kinetic

,en, o =min{k € Nst. ki > N} (=

Ar::roximatilon C 19?1_,g1 19?2—g2 o ,19?1\2&/7 (A — C*l)
Frénod
He(z,v,j) =
. Qg e o . a2 52n _ n
H:(\(z,7,))) = Z ‘nl (ng'1) ’ Z nl (ng_z) ’
n=0 n=0 "

AN _Nn
(Z : (nglv)n> ' P ( a’Y,,j) +6N+150mething,

pr il
Since for i, _jSt U>N<( L on, )n> {g,h})
{(E; 0l X ) ( ,,| ") -h} + eVSomething
0.0kt =€k €1} (M(2.0,))) = (Pe(2,

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation
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The game to play

The Build g1,...,8n s.t.

Geometrical
Gyro-Kinetic

Approximation ﬁo(z7j)_|_€I:I\1(z,j)—|—62ﬁ2(z,j)+€NI:I\N(Zyj)+€N+1ﬁN+1(Z7 07.]) =

Emmanuel

rénod ﬁ5(2,77j) =
_ i o1 en Ge n o2 €2n e n
A.(A(z,7.J)) = (Z — (Xa) ) : (Z — (Xg) ) :
n=0 ' n=0

N _Nn .
(Zs (ng‘N)n>' H.(z,7,j) + e"*'Something

n=0 n!
- (Z <>‘<zg—1)"> ~ (Z <>‘<zgz>")
n=0 n=0
X ENn S n —0
(Z - (XZa) ) <H( AN +ER (2,7, )+2H (2,7,0)+. )

+ eN*1Something,

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation



If you play the game ...
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Approximation

Emmanuel

Emmanuel Frénod
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... you have
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Approximation
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rénod

~ . 1 —1 -2
Ha(z,j) = o /. Vo(H ,H™, g1)dy

- _ — -1 -2 1 [ 1 -2
(%VgZ) : V"-IO - Vz(H 7H 7g1) - E V2(H aH 7g1)d’y
0
etc.

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation
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At the end of the day

Usual Coordinates
(x,v)

He(x,v), Pe(x,v) s.t:

X

ot

oV

ot

= Ps Vx,v Hs

\.

1: Hamiltonian? 2

Canonical Coordinates
(a,p)

Ae(a,p), P-(a, p)=S
s.t:

oQ
g;, = SV«LPFIE
ot

Polar Coordinates
(x,6,v)
H.(v), Pe(x,0,v)

4: Darboux Methodl

r

Darboux Almost

Emmanuel Frénod

SEm—
[T‘;\‘ﬁ) §) Canonical Coordinates
00 [-1 o0 (y797 k)
L ﬁs(%Oa k)aﬁs(Y)
5: Lie Methodl
( Lie Coordinates
(z.7.))
He(z,)), Pe(2)
= P.(2)
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The In Lie Coordinates: Trajectories (Z,T,.7)

Geometrical
Gyro-Kinetic a
Approximation

VA
= Something independent of I' + eV *!Remainder(Z,T, 7)

o 8
5 = = Something complicated
aa—j eN=1Something(Z,T, J)
(z7, 17, J7):

oz’ .
5 = Something independent of I
T
aaLt = Something complicated
g7
ot 0

(27,17, 77)(t) = (Z,T, T)(t)| < CeN?
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Implementing with N=3

The
Geometrical
Gyro-Kinetic

Approximation

oz" &g | -
ot B(Z") vE(z'),

arT_B(zT) JT T\ o2 Ty V)2
5= T2 EEy (B(z")v?B(z") -3(VB(Z)))
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Thank for your

attention

Emmanuel Frénod
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