Appendix to Quantum Link Invariant from the Lie Superalgebra D_{2 1,α}

Bertrand Patureau-Mirand L.M.A.M. Université de Bretagne-Sud Centre de Recherche, Campus de Tohannic, BP 573 F-56017 Vannes, France E-mail: bertrand.patureau@univ-ubs.fr URL: http://www.univ-ubs.fr/lmam/patureau/

Appendix

A The universal R-matrix of U_hD_{2 1}

We follow a renormalisation of H. Thys [2], to make appear at least one of the symmetry : H. Thys defines U_hD_{2 1} has the superalgebra topologically (for the h-adic topology) generated by E_i , F_i , H_i , i = 1, 2, 3 with the relations (for all i, j = 1, 2, 3) H_iH_j = H_jH_i [H_i, E_j ] = a_{ij} E_j, [H_i, F_j ] = −a_{ij}F_j , [E_i, F_j ] = δ_{ij} K_i − K^{−1}_i Q_i − Q^{−1}_i , E^2_1 = F^2_1 = 0, [E_2, E_3] = [F_2, F_3] = 0, E^2_i E_1 − (Q_i + Q^{−1}_i )E_iE_1E_i + E_1E^2_i = 0 if i = 2, 3, F^2_i F_1 − (Q_i + Q^{−1}_i )F_iF_1F_i + F_1F^2_i = 0 if i = 2, 3,

where (a_{ij} ) =

0 1 α −1 2 0 −1 0 2 is the Cartan matrix , and all the generators are

even but E_1 and F_1 ,

Q_2 = e^{h2} , Q_1 = 1 Q_2

, Q_3 = Q^α_2 , K_i = Q^{Hi}_i ,

Take a_1, a_2, a_3 ∈ C with a_1 + a_2 + a_3 = 0 and a_3 = αa_2 . I will adopt the notations :

e_i = E_i, f_i = F_i, h_i = H_i if i = 2, 3 f_1 = F_1, e_1 =

Q_1 − Q^{−1}_1 β E_1, h_1 = 1 1 + α

(2H_1 − H_2 − αH_3)

q_i = e^{ai2 h}, k_i = q^{hi}_i if i = 1, 2, 3

where β is h times a unit of R[[h]]. Replacing h with a_2h, the presentation of U_hD_{2 1} is given by :

h_ih_j = h_jh_i [h_i, e_j ] = b_{ij}e_j , [h_i, f_j] = −b_{ij} f_j, [e_i, f_j] = δ_{ij} k_i − k^{−1}_i q_i − q^{−1}_i if (i, j) ≠ (1, 1)

[e_1, f_1] = 1 β (( k_1 k_2k_3

) 1_2 − ( k_2k_3 k_1

) 1_2 )

e^2_1 = f^2_1 = 0, [e_2, e_3] = [f_2, f_3] = 0, e^2_i e_1 − (q_i + q^{−1}_i )e_ie_1e_i + e_1e^2_i = 0 if i = 2, 3, f^2_i f_1 − (q_i + q^{−1}_i )f_if_1f_i + f_1f^2_i = 0 if i = 2, 3,

where (b_{ij} ) is the matrix,

1 0 0 −1 2 0 −1 0 2 all the generators are even but e_1

and f_1 .

So that the universal R-matrix computed in [2] can be written

R = exp_1 ( E_{β1} ⊗ F_{β1} φ_1 ) · · · exp_7 ( E_{β7} ⊗ F_{β7} φ_7 ) exp ( h 2 ∑ i a_ih_i ⊗ h_i )

∈ U_hD_{2 1} ^⊗U_hD_{2 1}

Where E_{β1} = e_3 , E_{β5} = e_1 , E_{β7} = e_2 , F_{β1} = f_3 , F_{β5} = f_1 , F_{β7} = f_2 and

E_{β2} = E_{β5} E_{β1} − q^{−1}_3 E_{β1} E_{β5} , F_{β2} = F_{β5} F_{β1} − q^{−1}_3 F_{β1} F_{β5} , E_{β6} = E_{β7} E_{β5} − q^{−1}_2 E_{β5} E_{β7} , F_{β6} = F_{β7} F_{β5} − q^{−1}_2 F_{β5} F_{β7} , E_{β3} = E_{β7} E_{β2} − q^{−1}_2 E_{β2} E_{β7} , F_{β3} = F_{β7} F_{β2} − q^{−1}_2 F_{β2} F_{β7} , E_{β4} = E_{β5} E_{β3} + q_1E_{β3} E_{β5} , F_{β4} = F_{β5} F_{β3} + q_1F_{β3} F_{β5} .

where

φ_1 = − 1 q_3 − q^{−1}_3

, φ_2 = 1 q_3β

, φ_7 = − 1 q_2 − q^{−1}_2

, φ_6 = 1 q_2β , φ_4 = q^2_1 q_1 − q^{−1}_1

β^2

, φ_5 = − 1 β , φ_3 = − q_1 β , q^x = e^{xh/2}, c_2 = c_3 = c_5 = c_6 = 0, c_1 = 2a_3, c_4 = 2a_1, c_7 = 2a_2,

(n)_i = {_{qnci −1} q^ci −1 if ci ≠ 0,

1 else,

, (n)_i! = (n)_i(n − 1)_i · · · (1)_i, n ∈ N, 1 ≤ i ≤ 7,

exp_i(a ⊗ b) = ∑ n≥0 a^n ⊗ b^n (n)_i! , a, b ∈ U_hD_{2 1}, i = 1, . . . , 7, exp(a ⊗ b) = ∑ n≥0 a^n ⊗ b^n n! , a, b ∈ U_hD_{2 1},

B The U_hD_{2 1} -module L

The Hopf subalgebra of U_hD_{2 1} given by considering the first two simple root is isomorphic to a quantification U_hsl(2, 1) of the simple Lie superalgebra sl(2, 1) ⊂ D_{2 1} . As a U_hsl(2, 1)-module, L split as the sum

L = h ⊕ l ⊕ v_+ ⊕ v_−

where h is the trivial representation of dimension 1, l is the representation of U_hsl(2, 1) corresponding to the adjoint representation of sl(2, 1) and v_+ , v_− are dual representations of U_hsl(2, 1) of dimension 4 (The weights of v_+ are β_1 , β_2 , β_3 and β_4 ).

Fix basis B_h , B_l , B_{v+} and B_{v−} of the U_hsl(2, 1) modules and let B be the union of these bases whose vectors have weight (0, 0, 0, β_5 , β_6, β_7, −β_5, −β_6, −β_7, β_1, β_2, β_3, β_4, −β_1, −β_2, −β_3, −β_4). The matrix of ρ in B are given by

ρ(e_3) =

0 0 0 0 0 0 0 0 0 0 0 0 0 2q^{−1}_3^{[2]2}_{[2]3} 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2q_3^{−1} 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −2^{[2]1}_{[2]2} −^{[4]2}_{[2]2} 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

ρ(f_3) =

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0^{[2]3}_{[2]2} 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −q_3^{[2]3[2]1}_{[2]22} −^{q3}_2^{[2]3[4]2}_{[2]22} 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

ρ(e_1), ρ(e_2), ρ(f_1) and ρ(f_2) leave stable the U_hsl(2, 1) modules. They are zero on h and their matrices ρ(x)^m on the other modules are given by ρ(e_1)^l =

0 0 0 0 0 −2^{[2]2}_{[4]2} 0 0 0 0 0 0 0 2^{[2]2}_{[4]2} 0 0 1 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −q_2 0 ρ(f_1)^l =

0 0 −^{[2]2}_{[4]2} 0 0 0 0 0 0 0^{[2]2}_{[4]2} 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 −1 2 −1 2 0 0 0 0 0 0 0 0 0 0 0 0 0 q_2^{−1} 0 0 0 0 0 0 0 0

ρ(e_2)^l =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 q_2^{−1} 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0^{[4]2}_{[2]2} 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ρ(f_2)^l =

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0^{q2}_2^{[4]2}_{[2]2} 0 0 0 0 0 0

ρ(e_1)^{v+}_{v+} =

0 0 0 0

[2]_3 [2]_2 0 0 0

0 0 0 0 0 0 −^{[2]1}_{[2]2} 0 ρ(f^1)^{v+v}+ =

0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0

ρ(e_2)^{v+}_{v+} =

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 ρ(f2)^{v+}_{v+} =

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

ρ(e_1)^{v−}_{v−} =

0 −q_3^{[2]3}_{[2]2} 0 0 0 0 0 0 0 0 0 −q^{−1}_1^{[2]1}_{[2]2} 0 0 0 0 ρ(f^1)^{v−v}− = 0 0 0 0 q_3^{−1} 0 0 0

0 0 0 0 0 0 −q_1 0

ρ(e_2)^{v−}_{v−} =

0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 ρ(f2)^{v−}_{v−} = 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0

L possess the invariant bilinear form B whose matrices are given by

B_{h,h} = [_{[2]3[2]1}

[2]_2^2 ] B_{l,l} =

1 2 [4]_2 [2]_2 0 0 0 0 0 0 0

0 −^1_2^{[4]2}_{[2]2} 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 q_2^{−1} 0 0 0 0 0 0 0 0 q_2^{−1} 0 0 −1 0 0 0 0 0 0 0 0 −q_2 0 0 0 0 0 0 0 0 q_2 0 0 0

B_{v+,v−} = q_3^{−1} 0 0 0 0 q_3^{−1} 0 0 0 0 q_1 0 0 0 0 q_1 B^{v−,v+} = q_3 0 0 0 0 −q_3 0 0 0 0 −q^{−1}_1 0 0 0 0 q^{−1}_1

If B = (v_1, v_2, . . . , v_{17}), then the map from L to L ⊗ L is determined by the image of the highest weight vector v_{13} which can be chosen to be − 1 2 [4]_2 [2]_2 v_1 ⊗ v_{13} + 1 2 [4]_2 [2]_2 v_{13} ⊗ v_1 +

[2]_1 [2]_2 v_2 ⊗ v_{13} −

[2]_1 [2]_2 v_{13} ⊗ v_2

− v_4 ⊗ v_{12} − q_1v_{12} ⊗ v_4 + q_2^{−1}v_5 ⊗ v_{11} + q_3^{−1}v_{11} ⊗ v_5

In this base, all the structure tensors (including the R-matrix) have coefficients in Z[^1_2, q_1, q_2, q_3, [4]_1^{−1}, [4]_2^{−1}, [4]_3^{−1}]/(q_1q_2q_3 = 1).

References

[ 1] B. Patureau-Mirand - Quantum Link Invariant from the Lie Superalgebras D_{2 1,α} (math.GT/0404548).

[ 2] H. Thys - R-matrice universelle pour U_h(D(2, 1, x)) et invariant d’entrelacs associé Bull. Soc. Math. Fr. 130, No.2, 309-336 (2002).

[ 3] Y. M. Zou - Deformation of the universal enveloping algebra of Γ(σ_1, σ_2, σ_3), Canadian Math. Bull., Vol 39(4)(1996), 499-506.