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Abstract

In this paper we consider models built in [4] for short-term, mean-term and long-term morphodynamics of dunes and
megariples. We give an existence and uniqueness result for long term dynamics of dunes. This result is based on a
periodic-in-time-and-space solution existence result for degenerated parabolic equation that we set out. Finally the
mean-term and long-term models are homogenized.
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1 Introduction

In Faye, Frénod and Seck [4], based on works of Bagnold [2], Gadd, Lavelle and Swift [6], Idier[7], Astruc and
Hulcher [8], Meyer-Peter and Muller [12] and Van Rijn [14], we set out that a relevant model for short term dynamics
of dunes, i.e. for their dynamics over several months, in coastal ocean waters submitted to tide is

oz
ot

=49 (1~ bemygy () v2?) = £9- (1 - bemec(u ). (10
where a > 0, b and ¢ are constants and where 7z = z%(¢,x), is the dimensionless seabed altitude at 7 and in x. For a
given constant T, ¢t € [0,T), stands for the dimensionless time and x = (xj,x;) € T2, T? being the two dimensional
torus R?/Z?, is the dimensionless position variable.

Operators V and V- refer to gradient and divergence. Functions g, and g. are regular and strictly increasing functions
on R™ and satisfy

84> 8c 20, g(0) = g.(0) =0,
3d >0, sup,cr-+ |ga()| + sup,cp+ 8, ()] < d, sup,cpe+ [8e(u)] +sup, e+ [8c(w)] < d, (1.2)
EIUthr > O, Ethhr > 0, such thatu > Uy = ga(u) > Gy
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Fieldsu:[0,7) x T? — R? and m : [0,T) x T? — R are dimensionless water velocity and height. They are given by
t t
u(tax):%(tvgrx)a m(tax):%(tagax)v (13)
where
U =Ut,0,x) and .4 = 4 (t,0,x) are regular functions on R" x R x T2,
9 — (% ,. %) is periodic of period 1,
oM, oM
|% |, | | | | \V-%|, | A\, | —— 5 [, |86‘ |V.# | are bounded by d,
1.4
V(t,G,x)€R+xRx’]I‘2, |%(t 0,x)| < Uy => (14
wU oM
—I(I,G,x) =0, 7(1,9,)0 =0,V (t,0,x) =0and V- % (¢,0,x) =0
360y < Oy € [0,1] such that 6 € [0y, 0p] = |% (t,0,x)| > Usp,-

A relevant model for mean term, i.e. when dune dynamics is observed over a few years, is

0% a
= 29 (1= beme V) = £ (1= ovemec o) i ) (1.5
with a > 0, b and c are constants, with condition (1.2) on g, and g, and with u and m given by
= r t t ot
t —, = t —, = 1.6
Ut 1) = 20, o), mie) = (1, L), (16)

For mathematical reasons, we assumed
U(t,7,0,x)=U(t,0,x)+ Ve (t,7,0,%), (1.7)
where % = % (t,0,x) and 2%, = % (t,7,0,x) are regular. We also assumed that .# = .# (¢, 7, 0,x) is regular and

0 — (% , %, ) is periodic of period 1,
T — (%, ) is periodic of period 1,
0% , 0%, 0

211200102 ), 1), |2 15 150 192
||, | 5 [, |39| |a |, |V.#| are bounded by d,
Ve e (0,1),¥(1,7,6,x) ER" xRxRx T2, |%(1,7,0,x)| < Uy = (1.8)
a;t/(trex) 0, a;/(mex) O,Vo%(t,r,e,x):o
I (e 0.3) =0, 2 (1. £.0.x) = 0 and V.41, 7,6, x) = 0,

ot ot i
Ve e (0,1),30¢ < Oy € [0,1] not depending on € such that 6 € [0y, 0p] = |% (t,7,0,x)| > Uppy-

It follows from (1.7) that % (¢ (

Three-Scale convergence).
A relevant model for long-term dune dynamics is the following equation

o &V (= bemg (u¥) = 59 ((1 - bemyg ) ). (19)

f’ £,x) Three-Scale converges to % (t,6,x) (see subsection 2.2 for the definition of

ot g2

where a > 0, b and ¢ are constants, where g, and g, satisfy assumption (1.2), and where z° is defined on the same
space as before. It is also relevant to assume

u(t,x) = %, é,x) _ %(%) +£%1(é,x) w1, é,x), (1.10)
m(t,x) = .4t é,x) _ ///l(g,x) e, g,x), (1.11)
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where % = % (0), % = % (0,x), % = U(t,0,x), M = A (0,x) and > = M>(t,0,x) are regular and
0 — (%, %, %, //11 ,>) is periodic of period 1,

a%() (9%1 a@/z a«/%l
|V, |///2| \ oy | | 2| |V.#,| are bounded by d,

VO eR, |%(0)| < Uy = 2(0,x) = 2(t,0,x) = Oand///1(9 xX)=M(t,0,x)=0
Ve e (0,1),V0 €R, |%(0)| > Uppr = (1.12)
Y (t,x) € [0,T) x T2, |%(0) + €21 (0,x) + €2 (t,0,x)| > Uy,
Ve € (0,1),304 < 0y € [0,1] not depending on € such that 0 € R, 6 € [0y, 6]
— |@/0(9)+£%1(9,x)+82%2(t,9,x)| > Uy

0% , =
{6 € [0,1] such that Ty (9) 0} is a non empty finite union of intervals

(that can be reduced to points).

Remark 1.1. In formula (1.12), we make an assumption stronger than in the previous cases (for the needs of the
proof). This assumption implies that if |% (t,0,x)| < Uy, then % (t,0,x) = %(0) does not depend on t and x and
M (t,0,x) =0.

It follows from (1.10) that u(z,x) = % (¢, L
Two-scale convergence).
Equations (1.1), (1.5) or (1.9) need to be provided with an initial condition

, £,%) Two-Scale converges to %(0) (see subsection 2.2 for the definition of

Zj—0 = 20, (1.13)

giving the shape of the seabed at the initial time.

In [4], we then gave an existence and uniqueness result for short-term model (1.1) if assumptions (1.2), (1.3) and (1.4)
are satisfied and for the mean term one (1.5), if assumptions (1.2), (1.6), (1.7) and (1.8) are satisfied. Those results
were built on a periodic-in-time-and-space solution existence result for degenerated parabolic equation. Under the
same assumptions, the asymptotic behaviour of z&, as € — 0, solution of short term model (1.1) was also given by
homogenization methods. Futhermore if moreover Uy, = 0, a corrector result was set out, which gives a rigorous
version of asymptotic expansion of the sequence z°:

F(t,x) = U(t,é,x) + SUl(t,é,xH—..., (1.14)
where U and U' are solutions to oU
eV (;szU) V., (1.15)
oU'! ~ ~ U —~
S5 -V (MVU>_V-<€1+§+V-(MVU), (1.16)
where <7 and % are given by
—~ ~ (t,0,x
A (t,0,x) =ag,(|%(t,0,x)|) and €(¢,0,x) = cg.(|%(¢,0,x)|) W/Et6x;|’ (1.17)

and ;a?f and ‘% are given by

A (t,60,x) = —ab.a (1,0,%) g.(|% (1,6,x)]),
 (t,0,x)

and € (1,0,x) = —cb. (1,0,x) ge(|% (t,0,x)]) el

(1.18)

In [4], we did not state neither any existence result for long term model (1.9) nor any asymptotic behaviour result for
mean term and long term models. Stating those results is the subject of the present paper. We will now state those
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main results.

The paper is oragnized as follows: in section 2 we are going to remind the main results of the paper and we recall in
the last subsection the notion of two scale convergence. In section 3, we establish the existence and uniqueness results
for long term dynamimics of dunes. The section 4 concerns the homogenization results of long term model and the
last section is devoted to the homegenization and corrector results to the mean term model.

2 Results and preliminaries

2.1 Results

The first one concerns existence and uniqueness for the long-term model.

Theorem 2.1. For any T > 0, any a > 0, any real constants b and ¢ and any € € (0,1), under assumptions (1.2),
(1.10), (1.11) and (1.12), if
20 € H(T?), (2.19)

there exists a unique function z€ € L([0,T),L*(T?)) with /(1 —bem)g,(Ju]) Vz& € L2((0,T), L*(T?)), solution to
equation (1.9) provided with initial condition (1.13).
Moreover, for any t € [0,T), z° satisfies

128 = fo, 7y, 22 (12)) < 7 (2.20)
for a constant Y not depending on € and
d (/ zg(t,x)dx>
T2
R =0. (2.21)

In formulas of this theorem, Vz° is understood in the distribution sense, and for z%, being solution to (1.9) and (1.13)
is understood in the following sense

/ / z—dde—gz/ / (1—bem)g,(|u|)Vz* Ve dxdt = /ZZ()(X)(p(O,X)dx

* 82/ /11-2 1—’7€ﬂ1)gc(lul)| |)(pdxdt
forevery ¢ € 2([0,T) x ’JT2), (2.22)

The proof of Theorem 2.1 is done in section 3, except equality (2.21) which is directly gotten by integrating (1.9) with
respect to x over T?.
We now give a result concerning the asymptotic behaviour as € — 0 of the long term model.
We notice that, because of hypothesis (1.12), when |%| < Uy, we have % (t,0,x) = % (0) and .# (t,0,x) = 0.
Moreover we denote

©=1[0,7)x {6 €R, g.(|%(0)|) =0} x T?, (2.23)

and
O = {(1,0,x) € [0,T) xR x T2, |%(0)| < Uy} (2.24)

We now give our first asymptotic result.

Theorem 2.2. For any T > 0, under the same assumptions as in Theorem 2.1, the sequence of solutions (z°) to
equation (1.9) given by Theorem 2.1 Two-Scale converges to the profile U € L*([0,T), Ly (R,L?*(T?))) which is given
by

U= / 20dx. (2.25)
']I‘Z
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Above and in the sequel, for all p > 1 and g > 1, we denote by

LE(R,LY(T?)) = { f : R — L4(T?) mesurable and periodic of period 1 in 8 such that
0~ 1£(0) sy € L7(10,1)) ). (2.26)

Now we turn to mean term model for which we set out the asymptotic behaviour.

Theorem 2.3. Under assumptions (1.2), (1.6), (1.7) and (1.8), for any T, not depending on &€, the sequence (z%)
of solutions to (1.5) built in [4] provided with initial condition (1.13) Three-Scale converges to the profile U €
L=([0,T),L3 (R, Ly (R,L*(T?)))) solution to

8£—V-(4z7VU) =V.C, (2.27)
06
where o/ and € are given by
— ~ U (t,0,x
A (t,7,0,x) =ag,(|%(t,0,x)|) and € (t,7,0,x) = cg.(|%(t,0,x)|) M, (2.28)

with % given in (1.7).
Finally, a corrector result for the mean-term model is given under restrictive assumptions.

Theorem 2.4. Under assumptions (1.2), (1.6), (1.7), (1.8) and if moreover Uy, = 0, considering function zf €
L>([0,T),L?(T?)), solution to (1.5) with initial condition (1.13) and function U¢ € L*([0,T),L*(T?)) defined by

t t

Ut(t,x) =U(t,—, —,x), 2.29
(00 =0l Tz o) (2.29)
where U is the solution to (2.27), the following estimate is satisfied:
£ __ US
‘ z <a, (2.30)
Ve ll=(or).2(12)
where o is a constant not depending on €.
Furthermore,
ZE _ U8 - - 5 5
e Three-Scale converges to a profile U% e L>([0,T) x R, Ly (R,L*(T))), (2.31)
which is the unique solution to
Uy — - ~ U
~V(FVU,) =V G+ V- (AVU) - 5 2.32
70 : VYY) " 50 232

where o/ and € are given by (2.28) and where ,Q/fTand ‘gl are given by

M(I7T’9’x) = 7ab%(t’ T7e?x)ga(‘%(t76?x)|)7

and 6\ (,7,0,x) = —cb. 4 (t,7,0,x) g(|% (t,0,%)|) m, (2.33)

with % given in (1.7).
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2.2 On Two-Scale and Three-Scale convergence
In this subsection we are going to recall the notion of Two-Scale and Three-Scale convergence.

Definition 2.1. A sequence of functions (z£) in L*([0,T),L*(T?)) is said to Two-Scale converge to U € L ([0, T), Ly (R, L*(T?)))

if for every w € €([0,T),6s(R, %€ (T?))) we have

lim/ / (t,x)y
£—0./T2

t,L.x)

e’
A sequence of functions (u€) in L*([0,T),L*(T?)) is said to Three-Scale converge toU € L([0,T), Ly (R, Ly (R, L*(T?))))
if for every w € €([0,T), 6»(R, %#(R,%(Tz)))) we have

dtdx—/ / / U(t,0,x)y(t,0,x)dO0dtdx. (2.34)

lim/ / (t,x)y " )dtdxf/ / U(t,t,0,x)y(t,7,0,x)dtd0 dt dx. (2.35)
T2 T2 0,12

e—0
In [1] and [13], the following theorem is also given.

Theorem 2.5. If a sequence (z) is bounded in L=([0,T),L*(T?)), there exists a subsequence still denoted (z¢) and
afunction U € L*([0,T), Ly (R,L*(T?)))[resp. L=([0,T), Ly (R, Ly (R,L*(T?))))] such that

u® — U Two-Scale [resp. Three-Scale]. (2.36)

3 Existence and estimates, proof of Theorem 2.1

Setting

S (1,3) = o1, =), (337)
and —

CE(t,x) :‘Kg(t,g,x), (3.38)
where .

Ae(t,0,x) =a(l —be(t,0,x))ga(|% (t,0,x)|), (3.39)
and
U (t,0,x)

Ge(t,0,%) = c(1 —bet (1,0,x)) g (|1% (1,0,%))) (3.40)

% (t,6,x)]
where 7/ is given in (1.10) and . is given in (1.11), equation (1.9) with initial condition (1.13) can be set in the

form 9.
Z 1 1
777V. .Q/EVE :7Vc€£
Jr g2 ( z) €2 ’

€
Z‘t:O = 20,

(3.41)

or more precisely

// dxdt—l— //,Q/‘C‘Vz -Vodxdt = /Zo(P Ddx+ — // V-¢%)pdxdt

for every @ € 2([0,T) x T?). (3.42)

Because of assumption (1.10) and under assumptions (1.2) and (1.12), g}; and Cg; given by (3.39) and (3.40) satisfy
the following hypotheses:

0+— (.1227 (gg) is periodic of period 1,
X — (%,‘58) is defined on T2,
0cdy| o |0%:| o |oVee|
< < <
AR A ARS? 5 |SEY |5 | SEr g | sE T (3.43)

A a% IV-Ge|  ,
—_— < \Y < V. < <
’ 30 S0 |<7 | | < ey, |V G| < e%‘ 5 | SEY
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3Gy >0, 04 < 6, € [0,1] not depending on & such that 6 € [0, 0] = (1, 60,x) > Gy,

__ - 8;? (t,9,x) = 07 V,SZ/Z:(I,G,X) = 0, (344)
%(tve7x) SGthr:> a(;
af (1,6,x) =0, V-%e(t,6,x) =0,

and
|Cel < Ve, |Ge? < Y Hel, |V < €7l el
‘9(V%)
J

for a constant y depending only on a, b, ¢ and d.
The proofs of inequalities in (3.43) and (3.45) are all done following identical techniques. We are going to establish
some of them. For instance, we estabilish, easily:

— <
P ‘_iyl%L

(3.45)

2 —
< 2P|,

< eyl |, .V%

< eyl |,

T(f‘ AN ’858

(1,6, = [a(1 — bet (1,6.5)) ga(|2 (1.0.5)))| < lalla(1% (1.6.2)))| < ad,

‘ME _’— abe’ % a(|%(l,6,x)|)+a(1—bEJ//(t,O,x))szwgﬂ%(t,e,xﬂ)
< *(abed* + ad®) = €%y,

O] | —abe % (0.1) 22 10,51 1.5)
Fa(l—bed(1,0.2)) S (1,0,9)8,(1%1,6.5)) | < .
We have also (5.0

VG| = | (c(1 et (.0, 0, 0.0) 0 )
(el bt (1,0.0)5: (1 (0.0 )|

< 1 || (1= bt 12D) + 5= (c1betsc 1)) |

= | —ebe S g1 )+ o1 —be ) G — che S g0+ 1 b2 S,

<p|Va®|
and using the fact that |V,QZ\ < 8y3|,;aZ|, we get

’Vfé < NPBE| S| = eY| ).

The other inequalities are obtained in a similar way.

In this section we focus on existence and uniqueness of time-space periodic parabolic equations. From this, we then
get existence of solution to equation (3.41). Existence of z¢ over a time interval depending on &, is a straightforward
consequence of adaptations of results from LadyzensKaja, Solonnikov and Ural’ Ceva [9] or Lions [10]. Our aim is
to prove that z© solution to (3.41) is bounded indepently of €. We are going to introduce the following regularized
equations.

0.7V 1 . R B
W_EV.<(%(I’.7.)+V)Vy)_EV.%E(I7.’-)7 (346)
and 5.
1 . 1.
u
W)+t = V- (et ) +V)VIY ) = 2V Gelt,0), (3.47)
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where ([ and v are positive parameters.
We first prove existence of solutions Yuv of (3.47) and we give estimates of 5”,}’ .

Theorem 3.1. Under assumptions (3.43), (3.44) and (3.45), for any u > 0 and any v > 0, there exists a unique
S =S (t,0,x) € €O NL*(R x T?), periodic of period 1 with respect to 8, solution to (3.47) and regular with
respect to the parameter t. Moreover, the following estimates are satisfied

sup | | .,/ (8,x)dx| =0, (3.48)
0cR |/ T?
\ZH <! (3.49)
LE(R,L2(T?)) = v’ .
£
187 g gz < V2o y—+1 (3.50)
2.7
U S ( Y
v T (3.51)
00 (RLz 'JTZ \/ EV
v 2eP P
||VyJ||L;°(R7L2(T2)) < 2t T(W +1), (3.52)
170 g (e 2 (m2y) < 2T T(W +1), (3.53)
2.7
- <X+, (3.54)
ot || 12 2(12)) Y v

Proof. .(of Theorem 3.1). The proof of this theorem is very similar to the one of Theorem 3.3 of Faye, Frénod and
Seck [4]. The big difference is the presence of —— factors in (3.47). Hence we only sketch the most similar arguments

and focus on the management of those 4 H —factors.
In a first place, to prove existence of .}, we consider for & € L?(T?), the solution &) to

L oE
“§u+ﬁ_g v((%—i—v)Véu) *V e, (3.55)

&y =&

where @}z + v > 0; whose existence and uniqueness on a finite interval is a direct consequence of Ladyzenkaja,
Solonnikov and Ural’Ceva [9] or Lions [10]. We can prove that the application 0 : L*(T?) — L*(T?), & — &Y(1,-)

is a strict contraction; then there exists & € L?(T?) such that (0 = &. We conclude that the solution Sy of 3.47)is
the solution éﬁ’ solution of (3.55) associated with the initial condition & such that (& = &. Then we prove existence
and uniqueness of .7},

Integrating equation (3.47) over T? gives

v &yﬁy 1 v
/.L/szudx—l-/w wdx—g/1r2 ((dﬁv)vy / V.- Gedx, (3.56)
then A fro V)
v T2 7 éX)
“/H‘Zyﬂdx—’_Tio’

which gives

/Tz S (8,x)dx = /11‘2 jﬁf(é,x)e_“(e_é)dx.
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Since .} is periodic of period 1 with respect to 6, Jr2 &, (6 x)dx is also periodic of period 1. Then (3.48) is true.
Multlplymg equation (3.47) by ./, integrating over T? and from O to 1 with respect to 0 gives

LY Y
B By by [ g a0 s 1 [ [ (v spaso <X [ [ 9.7 lasao

Since <7 + v > v and taking into account that the above first term is positive and the second one equals zero, we have

v ! vi2 Y \Y
E/0 /Tz V.7 [Pdxd® < |V 2 202

then y
2
HV'yIrHLﬁ(R,LZ(TZ)) < ;HV«VJH@(RLZ(W»,

which gives (3.49). 7
Multiplying (3.47) by %, integrating over T? and integrating from 0 to 1 with respect to 0 gives

|5 ' / / 97, V.Y Pdxd6 + - / / 9%y v inde (3.57)

L3(RI2(T2) 2 T2 u '
<! (§||WJ||§§(R,L2<TZ)) IV 3wy ) (3.58)

which gives (3.51).
Multiplying (3.47) by —A.#,), and integrating over T? gives

w [ vt [ vy vy L [ v vapasyie
1 7 V2 _ v
L e viazgPac=—1 [ v-dazax
or
v 1AV o
1V, ||2+*T+8 (Fe V)| AT Pdx =

1 / Vidy VIVAS dx— - / V.GAS dx.
€ Jm u u € Jm2 1%

Since for any real number U and V

e +V €
luv| < etV € 2 (3.59)
4¢ e +V
using this formula with U = A%}, V = Ve gv i , we have

1 ~ o, -
,/ V%.VyvAyvde/ erv|Ayv 2dx +/ \Vitp - V.Y [2dx.
€ Jm2 KT R 2 i

+V)
Taking U = AYJ , V= V'fs and using again (3.59) we obtain
1 = e+ V =
7/ V-%Ajﬁfg/ 8+ A P +/ 7|V-%|2dx.
€12 T2 +v)

These two results give
1 d||v.#)113

V v
IV + 32+

/Z(ﬂ; +v)[A) [2dx <
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e +V 1 5 ~
_/Tz : |AyV|2d+ sz(\V%-VszHV-%P)dx

or, using (3.43),

1d|| i3 («%4“’) ey’
\Y V|2 V2
WV =t [ Ay Par < SE ([ v Pax),

and integrating from O to 1 with respect to 6, we have

(A
IV ey +/ / €+V YY) N v paxan < £ / / V.7, Pdxdd +1).
From this last inequality, we deduce
2
e r
||Ae5ﬂv||L2 RLZ TZ)) = T(W"' )7
then
2 ey .7

||A’5ﬂ[YHL§(R7L2(T2)> S v2 (V2 + 1)7

which gives (3.50).

As HVYL}’ | LA(RI2(T2)) is bounded by % (see (3.49)), we can deduce that there exists a 6y € [0, 1] such that

IV (60,2 <

<=

From (3.61) we have

2
d|v.7y |3 < 28}/2(
do \
Integrating (3.63) from 6 to an other 6; € [0, 1] gives

/Tz V.Y Pdx+1).

VI (02— [V (60,12 < ZEL [ V. Pdx+1)do
[VZ (61,0)]12 = IVZ (60,12 < " Tz| | dx+
0

28}/

giving the sought bound on [|V.#/ (61, ) HL;;(R,LZ(TZ)) for any 0; or, in other words (3.52).
Using Fourier expansion argument, because of (3.48), we have

€
170, < IV 6,91 < G425 (L 1),
and then (3. 53)
‘We have that 5 Zi is solution to
9 8(3? ) 1 0SYN\ 1, (9% 9,
— e — . 7 —_ — . —_— v
gt =gV (V5 = v (G )%V (S v
from which we deduce
LY |12 Ha/v FEANE 1 oY
Wl 3 B y
u[ 5 tg e[V (G =L [ v (T ar

(192 By ey +1)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)
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where 57 g 2 5
¥ (fg oA v ‘58 A
= V v V' = . - V v .
Ce= G g VI Vo=V (G4 TV, (3.68)
From (3.43), (3.49) and (3.50), we have
5 |12 Y 5 2 14 Y Y
<ey(1+2L), ||v- < 1+< L0L41). .
‘ng L3(RL2(T2)) <er(l+ v)’ e L3(RLA(T2)) — & }/( Ty +8\/§v v ) (3.69)

Integrating (3.67) from O to 1 with respect to the variable 0, we obtain

7H LBRIAT) — e +;)H dr lwrr(r2)

then 9.5V

vk <eXa+ Yy,

H dr LaR,2(12) ~ € v( + v)
Using the Fourier expansion of ., we have for a given )

2.7
s <37 v
[v 5@, <50+,
Thus, as previously, we get
2.7y 2.7y
[v =t <sla Yy || 22e <Xy,
ot Ly (R L2(12)) v % ot llrp®r2(12)) v v

O

Since the estimates of Theorem 3.1 do not depend on u, making the process i — 0 allows us to deduce the following
theorem.

Theorem 3.2. Under assumptions (3.43),(3.44) and (3.45), for any v > 0, there exists a unique ¥ = /" (t,0,x) €
L?(R x T?), periodic of period 1 with respect to @ solution to (3.46) and submitted to the constraint

sup
6eR

/ yv(e,x)dx‘ —0. (3.70)
T2

Moreover, the following estimates are satisfied

9.7V Y Yz 28}/2 yz
% s < T G+ IV I <\t (gD GID
72 28y2 7 9.7" 3Y. Y
VIl o < a < — —). .
1 g <\ + =G D |5 sy S0 ) (3:72)

Proof. (of Theorem 3.2). As estimates of Theorem 3.1 do not depend on u, to proof existence of .7V, it suffices to
make u tend to 0 in (3.47).

Uniqueness is insured by (3.70), once noticed that, if .V and /" are two solutions of (3.46), with constraint
(3.70), .V — &V is solution to

IS — V)

1 > Vv oV
0 =2V (e +V)V(FY =) =0, (3.73)

from which we can deduce that

V||IV(#Y - =0, (3.74)
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and because of (3.70), and its consequence:

1Y = P2 202y S IV = PVl i), (3.75)

that —
SV =7V, (3.76)
O

Now we get estimates on .Y which do not depend on v.

Theorem 3.3. Under the assumptions (3.43),(3.44) and (3.45), the solution /", of (3.46) given by Theorem 3.2
satisfies the following properties

< .
H v "Q{d LZ(]R 12(T2)) — ¥ (.77)
® vi2 < Y
(/Ga /TZIVY | dxd@) < \/(;7 (3.78)
thr
HWV(HO,-)H2 < L foragiven 6 € [0, 60), (3.79)
Gthr
Y
155 @ 2y < = +267" (3.80)
thr
v 12
Haf < E(HW (P +7). (3381)
ol @z Conr

Proof. (of Theorem 3.3) Multiplying (3.46) by .V and integrating over T? yields
: d9 / Y Pdx -+~ / (o +V)|V.#" Pdx = _7/ G V.SV dx, (3.82)
Integrating (3.82) in 0 over [0, 1] gives

1 1 — vi2 Y 1 — v
— < = .
8/0 /Tz(ngsjuv)wy Pdx < 8/0 /Tz\/gfgwy |dx, (3.83)

then we obtain (3.77).
Assuming (3.44), we have

@(AewAz|vyV|2dxde)l/2§ / /w|vyvzdxde)5<‘)@|vyv

From (3.77) and this last inequality we get (3.78). Then, there exists a 6y € [0y, O] such that .7V satisfies (3.79).
Using the Fourier expansion of .V and the relation (3.70) we get

(3.84)

L2 (R,L2(T2))

Hyv (6o, ) H <Hvyv (60,-) H (3.85)

V Gthr
Multiplying (3.46) by .V, integrating over T2 we obtain

R B s V0, ) 2dx = 1 o
5T+;Az(%+v)|vy (6, dx—E/Tz V- Ce77(6,)|dx
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— IV‘fs\

Applying formula (3.59) with V = and U = |.7Y|, we get

v . 2 —~
ld”«y (o, )H2+%/2(%+V)W§”V(9,')|2dx§/
T

a7 19,1l [M
2 do T2

1 ~
|yv( )|2+N7|chg|2 d.x,
&(Fe +V)
which gives
1d||.77(6,)]3 1 — 770, 1
17700 7/ (e +v) (197(6,) - M)dx < / ——|V-GPdx. (386)
2 do €./ 4 e(te+V)
Using Fourier expansion of .Y (0,-), one can prove that the second term of the left hand side of (3.86) is positive,

then we have B
a7 (0,)ll; 2/ — 1 v.gpa (3.87)
dae e(e+V)

Using (3.43), (3.45) and integrating (3.87) from 6 to 6 € [0, 1], we obtain
17¥(8,)II2 < [1-7 (60,13 +2¢7, (3.88)

then inequality (3.80) is satisfied.
Using inequality (3.77) and from hypothesis (3.45) we get

(V)
\% < H NEASZ < g2y :
H ot 7 L3(R,L2(T2)) ey L2 R,L2(T2)) — 7 (3.89)
Multiplying (3.46) by —A.#" and integrating in x € T? we get
2d9 ||V§”"H2+ / %Jrv) ALY 2dx+ — / Vi VIYAS dx = ff/ V- Ge-ASVdx. (3.90)

Using (3.59) with U = |[AY| and V = Vi VSV Vy and with U = |[AY| and V = V'fz , the equality (3.90) becomes

AR Ve |?
VAR — /42{+v AV Pdx < / Veel” g gvip 4 dx, 3.91)
SIS Bt o [ (et v)IAr] P =]
which, integrating from O to 1 yields
1 — 1 —
//%va\zdxdeg 2ey2</ / \%\|V§”V|2dxd6+y) < 2eP(P+7). (3.92)
0 JT2 0 JT2
As N
0.4, —~
|5 | < e, (3.93)
at
we obtain
H a‘ZZAyV < ev2e/1+7. (3.94)
ot L3(RL2(T2)) —
Now we set out the equation to which 227 is solution. We have
3 9.7\ 9 0.7 EEA 0.7V 1_ o
()= (= )==(V- V.Y 4 —v. %
56 o) a;(ae) e( 5V eIV ) Pl
then 2 a ’ is solution to
3 9.7\ 1 — 9.7V A Iy 0%
— —-V. \Y% = V V.Y . . .
36 o)~V (Vv (550)) = V- (V) + V-, (3:95)

ISPACS

International Scientific Publications and Consulting Services



O 02NN b Wi —

A OO MU UL T T D DD BE DD D EBE DD UWLWWWWWWWLWWRNNNDNINDNDDNDNDN /= = —————
NPH RO, OOV NTANANNIEAEWNN,OOUONTANNDRWNN—L,OOONITANANNAEWND—LOOVONTNNIAE,WND—,OOUINWNDAWN—O

Journal of Nonlinear Analysis and Application 2016 No.2 (2016) 1-24
http://www.ispacs.com/journals/jnaa/2016/jnaa-00297/ 14

Multiplying (3.95) by * and integrating in x € T?, we get

972 1 9.7V 2 1 [ |0 V0L a%} g9
A+ V)|V < - vy
sl /< v as g LT e | 499
Using the fact that ‘ 2% |? < g2y? |JA,/£V|, the second term of the right hand side of (3.96) satisfies
\% v \4
a;fs ‘ il dx<sy/ \/ j 07 dx<£y‘\/% v (3.97)

In the same way, using (3.45) we deduce the following estimate for the first term of the right hand side of (3.96)

v v
/ 8@% v.|v 85” I 8% |V§ﬂv 852%5 85’
T2 ot 8t
85”"
<g? vy .
_ng\/m, ylz e |V—— i (3.98)
Using inequalities (3.97), (3.98) and (3.77) and integrating (3.96) in 6 over [0, 1], we have
\% \%
H gl ay ) .. ﬁj 97
L3(R,L2(T2)) L3(R,L2(T2))
a v
+£2y3|'\/ j 7z . (3.99)
LZ(R,[2(T2))
From this last inequality, we deduce
\%
H\/mfg W <e(y+ev), (3.100)
L3(R,L2(T2))
and then o 5o R
/” vIZl ap < £YET (3.101)
0o ot 2 /6
thr
From (3.101), we deduce that there exists a 6y € [0, O] such that
v 3
HVW (6,)] <t (3.102)
ot 2 /(~;
thr
and, since the mean value of %(eo, -) is zero,
\%
Hagj(eo,-) < errer (3.103)

2 \/ 6thr
To end the proof of the theorem it remains to show that a is bounded independently of v in L (R,L?*(T?)). For

this we will estimate the right hand side of (3.96) by applylng formula (3.59) with V = |‘WS | and U = |V‘9 | to
treat the second term of the right hand side of (3.96) and with V = | 2 % |V and U = |V%| to treat the first. It
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gives:
Py 2.7 |12
1 H ot 2 +/ %+vv85ﬂ"2d
= X
2 a6 T 2€ ot
0%¢ |2 0o |2

\Zads

g/ iitder/ (%N—dxgeyz+83y2/ Fe|V.S Fdx, (3.104)
T g(le + V) 2 g(dp+V) T2

where we used hypothesis (3.45) to get the last inequality. Integrating this last formula in 6 over [0y, o] for any
o > 6y, we obtain, always remembering (3.77),

9.7V R 2
H (0] < H = (60,°) +e(Y +eyh. (3.105)
¢ 2 2
From inequality (3.105) we obtain directly the inequality of (3.81), using the periodicity of .. O

Estimates (3.80) and (3.81) given in Theorem 3.3 do not depend on v. Making v — 0, allows us to deduce that, up to
a subsequence .Y — S € Ly (R, L*(T?)) weak — *. Concerning the limit .# we have the following theorem.

Theorem 3.4. Under assumptions (3.43), (3.44), (3.45), there exists a unique function .’ = 7 (t,0,x) € Ly (R,L2(T?)),
periodic of period 1 with respect to 0, solution to

.7 1 —~ 1 ~
W*EV'(%([7~,')V<¢):EV~C€£([,~,~), (3106)
and satisfying, for anyt,0 € R™ xR
/2Y(t,6,x)dx:0. (3.107)
T!
and
< .
HV%I pEem) ST (3.108)
Moreover it satisfies:
2 Y
17 1o g2y < —7— + 267, (3.109)
\/ Gthr
y+ey 2.4
< Y .
H e Tz))_e( F(P+e y)) (3.110)

\/ 6thr

Proof. . (of Theorem 3.4). Uniqueness of . is not gotten via the above evoked process v — 0, but directly comes
from (3.106). Assuming that there are two solutions .| and .% to (3.106), we easily deduce that

(Wl 5”2“
/ e |V(A —S)Pdx =0 (3.111)

which gives, because of the non-negativity of .7,

a(I4-20) .
s = G.112)

From (3.111) we deduce that either .
L |V(S1 —S)F =0, (3.113)
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or, for any 6 € R,
11(0+1,-) = #2(0+1,)[[5 < [1.1(6,-) = 72(6,-)[3.- (3.114)

As (3.114) is not possible because of the periodicity of .#] and ., we deduce that (3.113) is true. Using this last
information, we deduce, for instance

V(yl _yZ)(G(Dv') =0, (3.115)

yielding, because of property (3.107),
(1 = 2)(8, )3 < V(1 =-72) (80, )15 - (3.116)

Injecting (3.113) in (3.111) yields

(I -20E) -

—0 0 (3.117)
and then

I~ 2)(8, )] =0, (3.118)
for any 6 > 6, and consequently or any 8 € R. This ends the proof of Theorem 3.4. O

With this theorem on hand we can get the following result concerning zf solution of equation (3.41).

Theorem 3.5. Under properties (3.43), (3.44), (3.45), for any T, not depending on € and zo € H'(T?), equation
(3.41), with coefficients given by (3.37) coupled with (3.39) and (3.38) coupled with (3.40) has a unique solution
£ € L=([0,T]; L*(T?)), with

V€V € L2((0,T),L*(T?)) (3.119)
and
dzf 2 2 (2
S5 € L*((0,T);L~(T<)). (3.120)
This solution satisfies:
121 2 0,7y 22 (m2)) <Y (3.121)

where ¥ is a constant which do not depend on €.

Proof. (of Theorem 2.1). Theorem 2.1 is a direct consequence of Theorem 3.5. O

Proof. . (of Theorem 3.5). Existence of z, solution to (3.41), on a time interval of length € is a straightforward
adaptation of results of Ladyzenskaja, Sollonnikov and Ural’ Ceva [9] or Lions [10].
Then, let us consider the function Z€ = Z*(r,x) = .(t, £, x) where . is solution to (3.107). We obtain

9z¢ 3s, 1 . 135S

t
—_ t,— ——(t, —,x). 3.122
ot 8t<’8’x)+880(’87x) ( )
Using equation (3.106) and (3.37), (3.38) we deduce that Z¢ is solution to
dZ¢ 1 1 S
i v (Mvzg) L 3.123
ot g2 €2 + ot ( )
then we deduce that 2 ‘) N
*—-Z 1 S
7—fv.(wv e_z¢ ) — &
FT ©-20)=% (3.124)
(2% = Z8) =0 = 20 — (0,0, x).
Multiplying (3.124) by z¢ — Z€ and integrating over T2, we have
ld|zfF—2Z¢|)5 1 0.7
——= 4 — AEV (£ —Z8)Pdx = — (£ -Z5%d 3.125
IR [ v -z = [ S 20 (3.125)
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which gives using (3.110)

dll £ — 7€ 2 s 3
llz 12 <2 8(7 Y —|—(y2+£2y4)>||z8—Z8||2~ (3.126)
dt ~
Gthr
Then we have
+£y3
le8(2,) —22(1,) 13 < 2llzo — 7(0,00) 2 | & (L + (12 +22))T. (3.127)

As ||.7]| < —X_ when & — 0, then (3.121) is true.
| . Il ®2(T2) < o (3.121)
Now, integrating (3.125) from 0 to T we get

1 1 T
S =2~ 3l - 2RO+ [ IV 2 ars [ D [zl G128)
which using (3.110) and (3.127) yields
VeV (£ —ZF) € L*((0,T),L*(T?)).

Consequently, because of (3.108) and the definition of Z¢ from S, we obtain (3.119). Beside this, (3.120) is a straight
forwardly obtained from (3.110).

To prove uniqueness of z® given by the theorem, we consider z§ and z5 two solutions of (3.41). Their difference is
then solution to

a(ztl-: - Zg) 1 e/ € _EV) _
ot 7?V('Qf V(ZlizZ))*Oa (3.129)
(& =)0 =0,
or having a look for weak formulation (3.42)
/ /T2 dxdt+ 82 / V(5 —25) - Vodxdt =0
forany ¢ € 2([0,T) x T?). (3.130)

It obvious that (3.130) makes sense and is true for ¢ € L2((0,7);L?*(T?)) such that

d . . .
8—? € L*((0,T);L*(T?)) and V7€ ¢ € L>((0,T);L*(T?)). Hence in (3.130) we can chose ¢ = z{ — z§. Making this
gives
dllzf —7& 2
HZldtZZHQ <0, (.131)
and since z{ =0 = zg‘ ,—o» We finally obtain that z{ = z5 yielding uniqueness. O

4 Homogenization of equation (1.9), proof of Theorem 2.2

We consider equation (3.41) where 7% and € are defined by formulas (3.37) coupled with (3.39) and (3.38) cou-
pled with (3.40). Our aim consists in deducing the equations satisfied by the limit of z# solution to (3.41) as € — 0.

It is obvious that

/(t,x) Two-Scale converges to .7 (,0,x) € L=([0,T),Ly (R,L*(T?)))
and € (¢,x) Two-Scale converges to %N(t, 0,x), (4.132)

with

A (1,0,%) = aga(|1%(6)]) and €(1,0,%) = cgo(|%(6) ) : (4.133)
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% is given in (1.10).
® and Oy, defined by (2.23) and (2.24) have the following form:

©=1[0,T)x{0cR: &(-0,) =0} x T2, (4.134)
and . B
O = {(1,0,x) € [0,T) x R x T? such that <7 (t,0,x) < Gy} (4.135)
Moreover, we notice that .
o/ (t,0,x) =0 if and only if (r,0,x) € ©. (4.136)

We have the following theorem.

Theorem 4.1. Under assumptions (3.43), (3.44), (3.45), (4.132), (4.133) and (4.136), for any T, not depending on &€,
the sequence (z%) of solutions to (3.41), with coefficients given by (3.37) coupled with (3.39) and (3.38) coupled with
(3.40), Two-Scale converges to the profile U € L*([0,T), Ly (R,L*(T?))) solution to

V. (AVU)=0 on ([O,T)XRX’]I‘2>\®, (4.137)

3—19]:0 on @y, 4.138)
/l/ Uded —/ d d/ U e—0 4.139)
| o x = TZZO X an 290 x=0, .

where o is given by (4.133); ® and Oy, are given by (4.134) and (4.135).

Proof. (of Theorem 2.2) Theorem 2.2 is a direct consequence of Theorem4.1. Indeed, function U = / R zodx is the
T

unique function satisfying (4.137)-(4.139). O

Proof. (of Theorem4.1) Multiplying (3.41) by y*(t,x) = y(t, £, x) regular with compact support in [0,7) x T? and
1-periodic in 6, we obtain

Toy* .
—/ zO(x)y/(O,O,x)dx—/ / 2tdrdx+
T2 mJo Ot

i/ /TMstvwfdzdx:i/ /T (v-°)yeax (4.140)
€2 Jr2 Jo €2 J12 Jo ' '
Using the Green formula and
AN LAY Y CIAN
71 —<at) Te\ae) (4.141)
where
PYAN oy, ¢ AN oy, ¢
(5r) =50 o and (55) 0= Gt (4142
we obtain

L+ 200 Yeraraes | [ [ - (aovye)aras
+12/ /T (V%) yedrax = —/ 20(x)w(0,0,x)dx (4.143)
£ Jr2 Jo JT2

Multiplying by &2 and using the Two-Scale convergence due to Nguetseng [13], Allaire [1], Frénod, Raviart and
Sonnendrucker [5], as z€ is bounded in ([0, T),L?(T?)), there exists a profile U(t, 8, x), periodic of period 1 with
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respect to 6, such that for all y/(z,0,x), regular with compact support with respect to (¢,x) and periodic of period 1
with respect to 8, we have

T rl - T rl ~
—/ / /UV-(dVy/)detdx:/ / / (V-%)y dodrdsx, (4.144)
T2 J0 0 T2 J0 0

_v. (MVU) -V.¢, (4.145)

then

with .7 and € given by (4.133). As € does not depend on x, we have
v (FVU) =0 (4.146)
which nges (4{37).

Since 2/ and % vanish on ©, (4.146) contains no information on ®. Hence we write (4.137), and we look for an
information concerning U on ©. Using test function y* = l//(é) depending only on 0, regular with compact support

on O, in (4.143), and the fact that @Z does not depend on ¢ and x in By, we get

Tl dyye € 1 b € 7 | € _
/TZ/O (E(ﬁ) )z dtdx+?/w/o £ e (Ay) dtdx——/TzzO(x)l/I(O,O,x)dx. (4.147)

As y depends only on 6, we have (Al//)g = 0 and then multpliying by € in (4.147), we get

/p /OT (%)8Z8dtdx: —S/TZZO(x)l//(O,O,x)dx. (4.148)

Passing to the limit as € — 0 in (4.148) and using Two-Scale convergence, we get

T oy
/TZ/O /0 Yuaparax=o, (4.149)
which gives
oU
879 = 0 on ®thr~ (4150)

Taking test function y depending only on # we obtain

1
/0 /TZU(t,G,x)dex:/Tzz()(x)dx. (4.151)

Finally, to prove uniqueness of U, we consider two solutions U; and U, of (4.137)-(4.138)-(4.139). Their difference
is then solution to

V. (@7V(U1 — Uz)) —Oon ([0, T) xR x ’]I‘2> \@, (4.152)
w — 0on®,,, (4.153)
1
/ / (U1 — U2)d0 dx = 0. (4.154)
0 J12

Equations (4.152) and (4.154) give U; —U, =0on ([0,T) x R x T?)\© and (4.153) and (4.154) give that U; — U, =
0 on ©,,. Since (([O,T) x R x T2> \@) U@y, = [0,T) x R x T2, this gives uniqueness and ends the proof of the
theorem. 0
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5 Homogenization and corrector result of equation (1.5), proof of Theorem 2.3 and 2.4

Making the same as in the beginning of section 3, setting:

— t

" t
—, = A
A(1,x) = et ==, 20), (5.155)
and .
%E(t,x) :%g(f,%,g,x% (5156)
where . —
e(t,7,0,x) = a(l —bVe (t,7,0,x)) 8a(|% (1,7, 6,x))), (5.157)
and
Gelt,7,0,x) = c(1 — by/ed (1,7,0,%)) (1% (1, 7,0 x)\)m, (5.158)
|% (t,7,0,x)|
equation (1.5) with initial condition (1.13) can be set in the form
dzF 1 1
2L IV (EVE) = V. ¢E
ot e (8 =gV (5.159)
Jr=0 = 20-
Under assumptions (1.2) and (1.8), qsszz and ‘5; given by (5.157) and (5.158) satisfy the following hypotheses:
T—> (JZ}; %Ng) is periodic of period 1,
06— (,Qfg,‘gg) is periodic of period 1,
xX— (,;zfg,%g) defined on T?,
— A PI OV.y (5.160)
| < < —_— <
‘ 8|—’}/7 ‘%8|—% at = at = /> 8l _Ya
PEA a% OV - %
—_— < < <
‘ 89 — (96 y? |V$Z{8| /)/7 |V CKE| y? at =
Héth,, 0 < 6, € [0,1] not dependlng on € such that 6 € [0y, 0y = %(t 7,0,x) > Gmr,
N _ 832{@( t, ,6 x) 52{ (I,T,G,x) :O, V«!Z%g(t,f,e,x) :07 (5 161)
%(tv'r?evx) SGthr:> 8(; a(é/r '
=5 (0,7.8,2) = 55 (1,7,0,2) =0, V- Ce(t,7,6,%) =0,
2 0| _ .\ —
Gel < Vel (% < Vsl Vel < M, | 55| < e,
(V. (f —~ 190 |2
2Oy, 9] <l | 2| < e, |2 < i, 6162
0., |2 8V,5zfg —~
< < .
T < eyl ], 5| S el

For (5.159), if hypotheses (5.160), (5.161) and (5.162) are satisfied, an existence and uniqueness result is given in [4].

5.1 Homogenization
Let us consider equation (5.159) with &7 and €¢ given by (5.155) and (5.156);

60— szf; ‘gg is periodic of period 1,
T—> JZ, ng is periodic of period 1, (5.163)
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a/%(t,x) Three-Scale converges to </ (¢, 7, 0,x) € L=([0,T) x R, Ly (R, L*(T?)))
and ¢ (¢,x) Three-Scale converges to A (¢,7,0,x), (5.164)

with
U (t,0,x)

F(0.2.0.) =g (1.0.0)) and F(0.7.0.0) = e (1.0.9)) 7o

(5.165)

 is given in (1.7).

Theorem 5.1. Under assumptions (5.160), (5.161), (5.162),(5.163), (5.164) and (5.165), for any T, not depending
on €, the sequence (z°) of solutions to (5.159), with coefficients given by (5.155) coupled with (5.157) and (5.156)
coupled with (5.158), Three-Scale converges to the profile U € L*([0,T) x R, Ly (R, L*(T?))) solution to

U —~ ~
— -V (#VU)=V- %, (5.166)
26

where < and € are given by (5.165).

Proof. (of Theorem 2.3) Theorem 2.3 is a direct consequence of Theorem 5.1. U

Proof. (of Theorem 5.1) Considering test functions y&(¢,x) = y(z, \[, L,x) for all y(r,7,0,x) regular with compact
support on [0,T) x T? and periodic of period 1 with respect to T and 6.

dye  dye 1 dy.e 1 dy.e
ar = o) G T eGe) (167
where
IV ¢ vy, t oy.e dy,  t t dy.e Jdy, t t
(5,) (10 =5, 0 (57 —W(t,%,g,xx (%) =55t e ). (168)

Multiplying (5.159) by we(z, L=

T
—/TzZ()()C)I[I(O,O,O,x)dx—/ﬂ‘z/0 88 gdtdx—f/ / %EVWS)dtdx
_l RZAN 3
_S/TZ(/O V€% yEdt dx.

Replacing 33—"18 by the relation (5.167), we have

AZATZS[(‘?;')E+;E(‘;’E/)E+I(§Z) }dtd+ // Ev Mvw)dzdx

é/q‘ﬁ /OT (V_%E)y/gd[dx:_/Tzz()(x)l//(O,O,O,x)dx.

. . 2
£,x) and integrating on [0,7) x T*, we get

rr
RRVZ A
v

Multiplying by € we have
s allf € £
+f( L) (55)°+ V- (v |drdrs
T2 00
/ / (V'Cg‘g)l]/‘gdtdx: —8/ 20(x)y(0,0,0,x)dx.
12 Jo T2
The functions (%"’) (%—Z)s and (g—‘é’)s are periodic with respect to the two variables 7, 6. Here we used the Three-

Scale convergence (see [11]).
Taking the limit as € — 0, using the Three-Scale convergence, we have

T
/// —|—UV (ﬂVW)drdetdx—// € -Vydrdo dtdx.
T2 0,1)2 J10,1]2
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Then, the limit U of zZ solution to (3.41) satisfies the following equation

gi; v (aV0)=V-%. (5.169)

O

There is indeed existence and uniqueness of the equation (5.169) according to the application of the Theorem 3.15 of
[4]; thus (5.169) is the homogenized equation. In (5.169), T and ¢ are only parameters.

5.2 A corrector result
Considering equation (5.159) with coefficients (5.155) and (5.156) and hypothesis (5.164) leads to

(%) = A (t,x) + VELE(t,%), (5.170)
CE(t,x) = CE(1,x) + VeECE (1,x), (5.171)
where il .
ot = (t,——, = 2z — 6t — 172
(t7x) (t’ \/E? g’x)’ % (t"x) %(t7 \/E? 87‘x) (5 )
%ﬁ(z,x)zﬁ(t,éé,x), (gf(t,x)zﬁ(t,%,é,x). (5.173)
with N —
A (t,7,0,x) =ag,(|% (t,0,x)|), A (t,7,0,x) = —abH(t,7,0,x)g,(|% (¢,0,x)|) (5.174)
~ % t,@,x ~ 02/ taea-x
2(1,7,0,%) :cgc(|62/(t,e7x)|)|%gtex;|, @i (1,7,0,%) = —bc///(t7r,9,x)gc(|%(t,97x)|)M. (5.175)

Because of hypotheses (5.160), (5.161) and (5.162), @7,/ sz?{lv, .sz?g, &F, ‘67, ‘%, ‘gg, and ‘gf are regular and bounded
coefficients.

Theorem 5.2. Under assumptions (5.160), (5.161), (5.162),(5.163), (5.164) and (5.165), and if moreover Uy, > 0,
considering function z¢ € L*([0,T),L*(T?)), solution to (5.159) and function U¢ € L=([0,T), L5 (R,L*(T?))) defined

by U¢(t,x) =U(t, ﬁ, £.x), where U is the solution to (5.166), the following estimate is satisfied:

£ _ ¢
‘ 2 <a, (5.176)
Ve ll=(0),2(12)
where Q is a constant not depending on €.
Furthermore
*-U* oo oo 2 (2
Y- Three-Scale converges to a profile U% e L”([0,T) x R, Ly (R,L*(T?))), (5.177)
which is the unique solution to
U, — ~ — oU
2 —V-(JWUL):v-%1+v-(mvu)——. (5.178)
a0 ) ot
Proof. (of Theorem2.4) Theorem 2.4 is a direct consequence of Theorem 5.2. O

Proof. (of Theorem 5.2) Using the relations (5.170)and (5.171), equation (5.159) becomes

%—év.(JVf) :é(V-‘ggﬂL\/EV‘gfﬂ/EV-(Jz?szg)). (5.179)
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As U is solution to (5.166) and taking into account that

= () (5 e (5) 5150
we obtain the following equation
W o (@) - (7 e () 4ol )

Considering equation (5.179) and (5.181), z¥ — U*¢ is solution to

£-ut F-U*
P v (e e ) = L (v v ()
_ﬁ(%)5_<%)s> (5.182)

Using the fact that U solution to (5.166) belongs to L=([0,T) x R, Ly (R,L*(T?))), U¢ is solution to (5.181) and
t €
a results of Ladyzenskaja, Solonnikov and Ural’Ceva [9], all the terms (%—2) , (%—lt]) are bounded. The terms

fﬁaffF , and ‘gf are also bounded by hypotheses and then so are V - ‘gf and V- <,QZ vU 8). Using the same arguments

as in the proof of Theorem 1.1 in [4] we obtain that Zs\_/ge converges to a profile U 1€ L=([0,T] x R, L3 (R,L*(T?)))

solution to (5.178). O
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