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Abstract 

Integration of nonlinear partial differential equations with the help of 
the non-commutative integration over octonions is studied. An 
apparatus permitting to take into account symmetry properties of 
PDOs is developed. For this purpose formulas for calculations of 
commutators of integral and partial differential operators are deduced. 
Transformations of partial differential operators and solutions of 
partial differential equations are investigated. Theorems providing 
solutions of nonlinear PDEs are proved. Examples are given. 
Applications to PDEs of hydrodynamics and other types PDEs are 
described. 
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1. Introduction 

Analysis over hypercomplex numbers develops fast and has important 
applications in geometry and partial differential equations including that of 
nonlinear (see [3-9, 23-28] and references therein). As a consequence it gives 
new opportunities for integration of different types of partial differential 
equations (PDEs). It is worth to mention that the quaternion skew field 

,2A=H  the octonion algebra 3A=O  and Cayley-Dickson algebras rA  

have found a lot of applications not only in mathematics, but also in 
theoretical physics (see [3-8] and references therein). 

This article is devoted to analytic approaches to solution of PDEs and 
taking into account their symmetry properties. For this purpose the octonion 
algebra is used. This is actual especially in recent period because of 
increasing interest to non-commutative analysis and its applications. It is 
worth to mention that each problem of PDE can be reformulated using the 
octonion algebra. The approach over octonions enlarges a class of PDEs 
which can be analytically integrated in comparison with approaches over the 
real field and the complex field. 

We exploit a new approach based on the non-commutative integration 
over non-associative Cayley-Dickson algebras that to integrate definite types 
of nonlinear PDEs. This work develops further results of the previous article 
[23]. The obtained below results open new perspectives and permit to 
integrate nonlinear PDEs with variable coefficients and analyze symmetries 
of solutions as well. 

In the following sections integration of nonlinear PDEs with the help of 
the non-commutative integration over quaternions, octonions and Cayley-
Dickson algebras is studied. For this purpose formulas for calculations of 
commutators of integral and partial differential operators are deduced. Trans-
formations of partial differential operators and solutions of partial differential 
equations are investigated. An apparatus permitting to take into account 
symmetry properties of PDOs is developed. Theorems providing solutions of 
nonlinear PDEs are proved. Examples are given. Applications to PDEs used 



Integral Operator Approach over Octonions to Solution … 3 

in hydrodynamics and other types PDEs are described. The results of this 
paper can be applied to integration of some kinds of nonlinear Sobolev type 
PDEs as well. 

All main results of this paper are obtained for the first time. They can be 
used for further investigations of PDEs and properties of their solutions. For 

example, generalized PDEs including terms such as pΔ  or p∇  for 0>p  or 

even complex p can be investigated. 

2. Integral Operators over Octonions 

To avoid misunderstandings we first present our definitions and 
notations. 

1. Notations and definitions 

By rA  we denote the Cayley-Dickson algebra over the real field R with 

generators 
120 ...,,
−rii  so that ,10 =i  12 −=ji  for each jkkj iiiij −=≥ ,1  

for each .2,1 N∈≤≥≠ rkj  

Henceforward PDEs are considered on a domain U in m
rA  satisfying 

conditions 2.1(D1) and (D2) [23]. 

2. Operators 

Let X and Y be two R linear normed spaces which are also left and right 

rA  modules, where ,2 r≤  such that 

(1) XX xaax ≤≤0  and XX xaxa ≤  for all Xx ∈  and 

ra A∈  and 

(2) XXX Yxyx +≤+  for all Xyx ∈,  and 

(3) XXX xbxbbx ==  for each R∈b   and ,Xx ∈  where 

for 2=r  and .3=r  Condition (1) takes the form 
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(1’) XXX xaxaax ==≤0  for all Xx ∈  and .ra A∈  

Such spaces X and Y will be called rA  normed spaces. 

An rA  normed space complete relative to its norm will be called an rA  

Banach space. 

An R linear rA  additive operator A is called invertible if it is densely 

defined and one-to-one and has a dense range ( ).AR  

Henceforward, if an expression of the form 

(4) [( ) ( )] ( ) ( )∑ =−k kkx yxuygyxfAI ,,  

will appear on a domain U, which need to be inverted we consider the case 
when 

(RS) ( )xAI −  is either right strongly rA  linear, or right rA  linear (see 

their definitions in [23]) and 0Xfk ∈  for each k, or R linear and 

( ) R∈ygk  for each k and every ,Uy ∈  at each point ,Ux ∈  since R is the 

center of the Cayley-Dickson algebra ,rA  where .2 r≤  

3. First order PDOs 

We consider an arbitrary first order partial differential operator σ  given 
by the formula 

(1) ( ( ) )∑
−

= ξ
∗ ψ∂∂=σ

12
0 ,

r

j jjj zfif  

where f is a differentiable rA  -valued function on the domain U satisfying 

Conditions 1(D1, D2), 
120 ...,,,2
−

≤ riir  are the standard generators of the 

Cayley-Dickson algebra 
12121100:~,
−−

∗ −−−== rr iaiaiaaar "A  for each 

12121100 −−
+++= rr iaiaiaa "  in rA  with jraa ψ∈

−
;...,,

120 R  are real 

constants so that { } { }∑ −→−ξ>ψj
rr

j 12...,,1,012...,,1,0:,02  is a 
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surjective bijective mapping, i.e. ξ  belongs to the symmetric group rS
2

 (see 

also Section 2 in [22]). 

For an ordered product { } ( )kqk ff "1  of differentiable functions fs  we 

put 

(2) { } ( ) { ( ( ) ) } ( )∑
−

= ξ
∗ ψ∂∂=σ

12
0 11 ,

r

j jkqkjsjkqk
s fzffiff """  

where a vector ( )kq  indicates on an order of the multiplication in the curled 

brackets (see also Section 2 [17, 16]), so that 

(3) { } ( ) { } ( )∑ = σ=σ k
s kqk

s
kqk ffff 1 11 .""  

4. Integral operators 

We consider integral operators of the form: 

(1) ( ) ( ) ( ) ( )∫
∞

σ+=
x

dzyzxNyzFpyxFyxK ,,,,,,  

where σ  is an R-linear partial differential operator as in Section 3 and ∫σ  is 

the non-commutative line integral (anti-derivative operator) over the Cayley-
Dickson algebra rA  from [22] or Subsection 4.2.5 [18], where F and K are 

continuous functions with values in the Cayley-Dickson algebra rA  or more 

generally in the real algebra ( )rnnMat A×  of nn ×  matrices with entries in 

,rA  p is a nonzero real parameter. For definiteness we take the right rA  

linear anti-derivative operator ( ) .dzzg∫σ  

Let a domain U be provided with a foliation by locally rectifiable paths 

{ }Λ∈αγα :  (see also [22] or [18]). 

5. Proposition 

 Let ( ( ))rnn
m MatUCF A×∈ ,2  and ( ,3UCN m∈  ( ))rnnMat A×  and 

let 
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(1) ( ) ( ) 0,,,lim 221 =σσσ
∞→

yzxNyzFl
z

s
x

k
z

z
 

for each x, y in a domain U satisfying Conditions 1 ( )2,1 DD  with U∈∞  

and every non-negative integers Z∈≤ lsk ,0  such that .mlsk ≤++  

Suppose also that ( ) ( )[ ]∫
∞ ωβα

σ ∂∂∂
x zyx dzyzxNyzF ,,,  converges uniformly 

by parameters x, y on each compact subset 2
rUW A⊂⊂  for each 

,m≤ω+β+α  where ( ) ,,...,,
120120 −−

α++α=ααα=α rr "  

.1
120

20 −α
−

ααα ∂∂∂=∂ r
x rxx "  Then the non-commutative line integral 

( ) ( )∫
∞

σ x
yzxNyzF ,,,   from Section 4 satisfies the identities: 

(2) ( ) ( )∫
∞

σσ
x

m
x dzyzxNyzF ,,,  

( ) ( ) ( ) ( )∫
∞

σ +σ=
x m

m
x yxNFAdzyzxNyzF ,,,,,,2  

(3) ( ) ( )∫
∞

σσ
x

m
z dzyzxNyzF ,,,1  

( ) ( ) ( ) ( ) ( )∫
∞

σ +σ−=
x m

m
z

m yxNFBdzyzxNyzF ,,,,,,1 2  

where 

(4)  

( ) ( ) ( ) ( )[ ] ( ) ( )yxNFAyzxNyxFyxNFA mxxz
m
xm ,,,,,,, 1

12
−=

− σ+|σ−=  

for ,2≥m  

(5) 

( ) ( )( ) ( ) ( ) ( ) ( ) ( )( )yzxNyzFByzxNyxFyzxNyzFB mz
m
z

m
m ,,,,,,,1,,,, 1

112
−

− σ+σ−=  
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for ( ) ( ) ( ) ( )( ) ;,,,,,,,2 xzmm yzxNyzFByxNFBm =|=≥  

(6) ( ) ( ) ( ) ( ),,,,,,1 yxxNyxFyxNFA −=  

(7) ( ) ( )( ) ( ) ( ),,,,,,,,1 yzxNyzFyzxNyzFB −=  

xσ  is an operator σ  acting by the variable .rUx A⊂∈  

Proof. Using the conditions of this proposition and the theorem about 
differentiability of improper integrals by parameters (see, for example, Part 
IV, Chapter 2, Section 4 in [12]) we get the equality 

( ) ( )[ ] ( ) ( )[ ]∫ ∫
∞ ∞ ω

σ
βαωβα

σ ∂∂∂=∂∂∂
x x zyxzyx dzyzxNyzFdzyzxNyzF ,,,,,,  

for each .m≤ω+β+α  

In virtue of Theorems 2.4.1 and 2.5.2 [22] or 4.2.5 and 4.2.23 and 
Corollary 4.2.6 [18] there are satisfied the equalities 

(8) ( ) ( )∫
∞

σ −=σ
xx xgdzzg  and 

(9) ( )[ ] ( ) ( )∫ −=σσ
x

zx xfxfdzzf
0 0  

for each continuous function g and a continuously differentiable function f, 
where x0  is a marked point in U, 

(10) ( ) ( )∫
∞

σσ
xz dzyzxNyzF ,,,1  

{ [( ( ) ( ) ) ( )] }∑ ∫
−

=

∞
ξ

∗
σ ψ∂∂=

12

0
,,,:

r

j
x jjj dzyzxNzyzFi  and 

(11) ( ) ( )∫σσ
x

xz dzyzxNyzF
0

,,,2  
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{ [ ( ) ( ( ) ( ) )] }∑ ∫
−

=

∞
ξ

∗
σ ψ∂∂=

12

0 0
,,,:

r

j
x jjj dzzyzxNyzFi  and 

(12) ( ) ( )∫
∞

σσ
xx dzyzxNyzF ,,,2  

{ [ ( ) ( ( ) ( ) )] }∑ ∫
−

=

∞
ξ

∗
σ ψ∂∂=

12

0
.,,,:

r

j
x jjj dzzyzxNyzFi  

Therefore, from equalities (8, 9), 3(3) and 4(5) and Condition (1) we 
infer that: 

(13) ( ) ( )∫
∞

σσ
xx dzyzxNyzF ,,,  

( ) ( ) ( ) ( )∫
∞

σ −σ=
xx yxxNyxFdzyzxNyzF ,,,,,,,2  

since ( ) ( ) ( ) ( ),,,,,,, yxxNyxFyzxNyzF x −=| ∞  that demonstrates Formula 

(2) for 1=m  and ( ) ( ).,,,1 yxxNyxFA −=  Proceeding by induction for 

mp ...,,2=  leads to the identities: 

(14) ( ) ( )∫
∞

σσ
x

p
x dzyzxNyzF ,,,  

( ) ( ) ( ) ( )yzxNFAdzyzxNyzF pxx
p
xx ,,,,,, 1

12
−

∞
σ

− σ+⎥⎦
⎤

⎢⎣
⎡ σσ= ∫  

( ) ( )∫
∞

σσ=
x

p
x dzyzxNyzF ,,,2  

[ ( ) ( )] ( ) ( ).,,,,, 1
1 yxNFAyzxNyzF pxxz

p
x −=
− σ+|σ2−  

Thus (14) implies Formulas (2, 4, 6). Then with the help of Formulas (8, 9) 
and Condition (1) we infer also that 
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(15) ( ) ( )∫
∞

σσ
xz dzyzxNyzF ,,,1  

( ) ( ) ( ) ( )∫
∞ ∞

σ |+σ−=
x xz yzxNyzFdzyzxNyzF ,,,,,,2  

( ) ( ) ( ) ( )∫
∞

σσ−−=
xz dzyzxNyzFyxxNyxF .,,,,,, 2  

Thus, formulas (3) for 1=m  and (7) are valid. Then we deduce Formulas 
(3, 5) by induction on :...,,2 mp =  

(16) ( ) ( )∫
∞

σσ
x

p
z dzyzxNyzF ,,,1  

( ) ( ) ⎥⎦
⎤

⎢⎣
⎡ σσ ∫

∞
σ

−
xz

p
z dzyzxNyzF ,,,111  

( ) ( ) ⎥⎦
⎤

⎢⎣
⎡ σ−σ= ∫

∞
σ

−
xz

p
z dzyzxNyzF ,,,211  

[ ( ) ( )] xz
p
z yzxNyzF =
− |σ− ,,,11  

( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧

⎥⎦
⎤

⎢⎣
⎡ σ−σσ= ∫

∞
σ

−
xzz

p
z dzyzxNyzF ,,,2121  

[ ( ) ( )] xz
p
z yzxNyzF =
− |σ− ,,,11  

( ) ( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧ σ−σ= ∫

∞
σ

−
xz

p
z dzyzxNyzF ,,,221  

[ ( ( ) ( ))] xzz
p
z yzxNyzF =
− |σσ+ ,,,221  

[ ( ) ( )] xz
p
z yzxNyzF =
− |σ− ,,,11  

( ) ( ) ( ) ( ) ( )( )∫
∞

=σ |+σ−==
x xzp

p
z yzxNyzFBdzyzxNyzF ,,,,,,,2"  
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and 

( ) ( )( ) ( ) ( ) ( )yzxNyzFyzxNyzFB p
zp ,,,,,,, 12 −σ−−=  

( ) ( )( ).,,,,1
1 yzxNyzFBpz −σ+  

6. Corollary 

 If suppositions of Proposition 5 are satisfied, then 

(1)  

( ) ( ) ( ) ( )[ ] ( ) ( )[ ] ,,,,,,,,, 2
2 xzxx yzxNyzFyxxNyxFyxNFA =|σ−σ−=  

(2) ( ) ( ) ( ) ( )[ ]yxxNyxFyxNFA x ,,,,, 2
3 σ−=  

( ( ) ( )[ ] ) ( ) ( )[ ] ,,,,,,, 222
xzxxzxx yzxNyxFyzxNyxF == |σ−|σσ−  

(3) ( ) ( ) {[ ( ) ( )] }∑ −

= =
−− |σσ−=

1
0

12 ,,,,,,
m
j xz

jm
x

j
xm yzxNyzFyxNFA  

(4) ( ) ( )( ) ( ) ( )[ ]yzxNyzFyzxNyzFB z ,,,,,,, 1
2 σ−=  

( ) ( )[ ],,,,2 yzxNyzFzσ+  

(5) ( ) ( )( ) ( ) ( )[ ]yzxNyzFyzxNyzFB z ,,,,,,, 21
3 σ−=  

( ( ) ( )[ ]) ( ) ( )[ ],,,,,,, 2221 yzxNyzFyzxNyzF zzz σ−σσ+  

(6)  ( ) ( )( )yzxNyzFBm ,,,,  

( ) ( ) ( ),,,,1
1
0

2111 yzxNyzF
m
k

k
z

km
z

k
⎥⎦
⎤

⎢⎣
⎡ σσ−= ∑ −

=
−−+  

(7) ( ) ( ) ( ) ( ) ( ) ( )[ ],,,,2,,,, 2
22 yxxNyxFyxNFByxNFA xσ−=−  

where ( ) ( ) ( )[ ] ,,,,,,, xzzxx yzxNyzxNyxxN =|σ+σ=σ  

(8) ( ) ( ) ( ) ( ) ( +σσ+σ−=− zxxyxNFByxNFA 2222
33 3,,,,  
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) ( ) ( )[ ] xzxz yzxNyxF =|σσ ,,,2 22  

( ) ( ) ( )[ ].,,,2 1221 yxxNyxFxxxx σσ+σσ−  

Particularly, if either p is even and ,00 =ψ  or ( )RnnMatF ×∈  and 

( ),rnnMatN A×∈  then 

(8) ( ) ( )[ ] ( ) ( )yzxNyzFyzxNyzF p
x

p
x ,,,,,,2 σ=σ  and 

( ) ( )[ ] ( ) ( ).,,,,,,2 yzxNyzFyzxNyzF p
z

p
z σ=σ  

Proof. From formulas 5(13-16) identities (1-8) follow by induction, 
since 

( )( ) [ ( ) ( )] ( )( )yxNFAyzxNyzFyxNFA mxxz
m
xm ,,,,,,, 1

12
−=

− σ+|σ−=  

[ ( ) ( )] {[ ( ) ( )] }xz
m
xxxz

m
x yzxNyzFyzxNyzF =

−
=

− |σσ−|σ−== ,,,,,, 2212"  

{[ ( ) ( )] } {[ ( ) ( )] }xzx
m
xxz

m
xx yzxNyzFyzxNyzF =

−
=

− |σσ−−|σσ− ,,,,,, 22322 "  

( ) ( )yxxNyxFm
x ,,,1−σ−  and 

( ) ( )( ) ( ) ( ) ( )yzxNyzFyzxNyzFB m
zm ,,,,,,, 12 −σ−−=  

( ) ( )( ) ==σ+ − "yzxNyzFBmz ,,,,1
1  

( ) ( )[ ] ( ( ) ( )[ ])yzxNyzFyzxNyzF z
m
z

m
z ,,,,,, 22111 σσ+σ− −−  

( ( ) ( )[ ]) ( ) ( ) ( ) ( )[ ].,,,1,,, 122231 yzxNyzFyzxNyzF m
z

m
z

m
z

−− σ−++σσ− "  

Particularly when p is even and N∈==ψ kkp ,2,00  we get that 

( ) ( )xAxf kp
x =σ  

for p times differentiable function ,: rUF A→  where 

( )
( )∑ ∈=∂∂= −ξj jjjj ibxxfbAf R222

1,  according to Subsection 2.2 [22] or 

Formulas 4.2.4(7 -9) [18]. 
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On the other hand the operators p
xσ

2  and p
zσ2  commute with the left 

multiplication on ( ) ( ),, RnnMatyzF ×∈  that is ( ) ( )[ ] =σ zxKyzFp
x ,,2  

( ) ( )zxKyzF p
x ,, σ  and ( ) ( )[ ] ( ) ( )zxKyzFzxKyzF p

z
p
z ,,,,2 σ=σ  for 

,2kp =  since R is the center of the Cayley-Dickson algebra .rA  

3. Some Types of Integrable Nonlinear PDE 

1. PDE 

Partial differential operators jL  are considered on domains ( )jLD  

contained in suitable spaces of differentiable functions, for example, in the 

space ( )( )rnnMatUC A×
∞ ,  of infinitely differentiable by real variables 

functions on an open domain U in rA  and with values in ( ),rnnMat A×  

because U has the real shadow ,RU  where .N∈n  

Henceforth, if something other will not be specified, we shall take a 
function N may be depending on F, K and satisfying the following 
conditions: 

(1) ( ) ( )yxEKyxN ,, =  with an operator E in the form 

(2) ,gBSTE =  

(3) [ ] 0, =ELj  for each j, 

where B is a nonzero bounded right rA  linear (or strongly right rA  linear) 

operator, ( ) ( )( ),, rnnMatAutyxSS A×∈=  so that B is independent of 

( ) ( ) ( ) RRR UUggggUDiffgUyx l ==∈∈ ∞ 2
21

2 ,,,,,  for 1=l  and RUl ,2=  

denotes the real shadow of the domain U, ( )( )rnnMatAut A×  notates the 

automorphism group of the algebra ( ),rnnMat A×  

(4) ( ) ( ) ( )( ).,,,:, 21 yxgyxgKyxKTg =  

Condition (3) is implied by the following: 



Integral Operator Approach over Octonions to Solution … 13 

(5) [ ] 0, =BLj  for each j, 

(6) ( ( )) ( ( ))yxKLTyxKTL yxjggyxj ,, ,,,, =  and 

(7) ( ) ( )( ) ( )( ( ))yxKLyxSyxKyxSL yxjyxj ,,,, ,,,, =  for each j and each 

,, Uyx ∈  where yxjL ,, are PDOs considered below. 

Evidently Conditions (6, 7) are fulfilled, when yxjL ,,  are polynomials 

of k
xσ  and ,k

yσ  all coefficients of jL  are real and the following stronger 

conditions are imposed: 

(8) ( ( )) ( ( )) ( ( )) ( ( ))yxKTyxKTyxKTyxKT k
ygg

k
y

k
xgg

k
x ,,,,, σ=σσ=σ  

and 

(9) ( ) ( )( ) ( ) ( ( )) ( ) ( )( ) =σσ=σ yxKyxSyxKyxSyxKyxS k
y

k
x

k
x ,,,,,,,  

( ) ( ( )),,, yxKyxS k
yσ  

since .0 IS i =| R  

2. General approach to solutions of nonlinear vector partial differential 
equations with the help of non-commutative integration over Cayley-
Dickson algebras 

We consider an equation over the Cayley-Dickson algebra rA  which is 

presented in the form: 

(1) ( ) ( ) ( ) ( )∫
∞

σ+=
x

dzyzxNyzFpyxFyxK ,,,,,,  

where K, F and N are continuous integrable functions of rA  variables 

Uzyx ∈,,  so that F, K and N have values in ( ),rnnMat A×  where ,1≥n  

,2≥r  and K are related by ( ) { }0\,2,11 R∈p  is a non-zero real constant. 

These functions F, K and N may depend on additional parameters .,, "τt  It 

is supposed that an operator 
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(2) ( ) ( ) ( )yxFyxKEI x ,, =− A  is invertible, 

when ( ) ( )zxKEyzxN y ,,, =  for each ,,, Uzyx ∈  so that ( ) 1−− EI xA  is 

continuous, where I denotes the unit operator, 

(3) ( ) ( ) ( )∫
∞

σ=
xx dzzxKyzFpyxK ,,:,A  

is an operator acting by variables x. 

Then R-linear partial differential operators kL  over the Cayley-Dickson 

algebra rA  are provided for ,...,,1 0kk =  where ,0 N∈k  

(4) ( )∑ ∗=
j jkjk fLifL ,,  

where f is a differentiable function in the domain of each operator jkk LL ,,  

are components of the operators kL  so that each jkL ,  is a PDO written in 

real variables with real coefficients. Next the conditions are imposed on the 
function F: 

(5) 0=FLk  

for ,...,,1 0kk =  or sometimes stronger conditions: 

(6) [ ( ) ]∑ Ψ∈
∗ =+

lj jkkjkj FLFLci 0,0,,  

for each k and ,1 ml ≤≤  where jkc ,  are constants ,, rjkc A∈  

{ }12...,,1,0 −⊂Ψ r
l  for each { } ∅=ΨΨ−=Ψ ln

r
ll ∩∪ ,12...,,1,0  for each 

.21, rmln ≤≤≠  Then with the help of Conditions either (5) or (6) we get the 

PDEs either 

(7) [( ) ] 0=− KEIL yxs A  or 

(8) { [( ) ] [( ) ]}∑ Ψ∈
∗ =−+−

kj yxjsyxsjkj KEILKEILci 0,0,, AA  for each 
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,...,,1 mk =  respectively, for ,...,,1 1ks =  where .01 kk ≤  Hence 

(9) ( ) ( ) ( )KRKLEI ssyx =− A  for ,...,,1 1ks =  where 

(10) ( ) ( ) ( ) [( ) ].fEILfLEIfR yxssyxs AA −−−=  

The latter can be realized when 

(11) ( ) ( ) ( )KMEIKR syxs A−=  for ,...,,1 1ks =  

where ( )KM s  are operators or functionals acting on K. Therefore due to 

Condition (2) the function K must satisfy the PDEs or the partial integro-
differential equations (PIDEs) 

(12) ( ) 0=− KMKL ss  for 1...,,1 ks =  

which generally may be non-R-linear. 

Henceforward, if something other will not be outlined, we consider the 
variants: 

(13) ( )rnnMatNKF A×∈,,  with 32 ≤≤ r  and B is the strongly right 

rA -linear operator; or 

(14) ( )RnnMatF ×∈  and ( )rnnMatNK A×∈,  with r≤2  and B is the 

right rA -linear operator (see also Section 1), where .1 N∈≤ n  

3. Theorem 

Suppose that conditions of Proposition 2.5 and 2.2(RS) are fulfilled over 
the Cayley-Dickson algebra rA  with r≤2  and on a domain U satisfying 

Conditions 2.1 ( )2,1 DD  for the corresponding terms of operators sL  for all 

0...,,1 ks =  so that 

(1) the appearing in the terms ( )KM s  integrals uniformly converge by 

parameters on compact sub-domains in U and 

(2) ( ) ( )[ ] 0,,,lim =∂∂∂ ωβα
∞→ yzxNyzFzyxz  
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the limit converges uniformly by VUyx \, ∈  for some compact subset V in 

U and for each ,m≤ω+β+α  where ( ){ }0...,,1:degmax1 ksLm s ==≤  

and 

(3) the operator ( )yxEI A−  is invertible, where F is in the domain of 

PDOs ( ) ( )rnnk MatyxFLL A×∈,,...,, 01  and ( ) ( ) .,, N∈∈ × nMatyxK rnn A  

Then there exists a solution K of PDEs or PIDEs 2(12) such that K is 
given by Formulas 1(1, 2), 2(1) and either 2(5) or 2(6). 

Proof. The anti-derivative operator ( )∫σ
x
x

dzzgg
0

6  is compact from 

( )rVC A,0  into ( )rVC A,0  for a compact domain V in rA  where 

( )rVC A,0  is the Banach space over rA  of all continuous functions 

rVg A→:  supplied with the supremum norm ( ) ;,sup: 0xxgg Vx∈=  

is a marked point in V, .0 Vx ∈  A function F satisfying the system of R 

linear PDEs 2(5) or 2(6) is continuous. 

Therefore, due to conditions (1-3) the anti-derivative operator 

( ) ( )∫
∞

σ x
dzyzxNyzF ,,,  is compact. Hence there exists 0>δ  such that the 

operator yxEI A−  is invertible when ,δ<p  where { }.0\R∈p  Mention 

that the operator gT  is strongly left and right rA -linear (see Section 1), 

while S is the automorphism of the Cayley-Dickson algebra, that is 
[ ] [ ] [ ]bSaSabS =  and [ ] [ ] [ ]bSaSbaS +=+  for each ., rba A∈  

Since the operator ( )yxEI A−  is invertible and Conditions 2.2(RS) and 

either 2(13) or 2(14) are satisfied, then equation 2(12) can be resolved: 

(4) ( ) ( ) ( ) ( )∑ −−=
k yxkk yxuEIygyxf ,,, 1A  

since if XXA →:  is a bounded R linear operator on a Banach space X 
with the norm ,1<A  then the inverse of AI −  exists: 
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( ) ∑∞
=

− =− 0
1 .n

nAAI  Applying Proposition 2.5 and Section 2 we get 

the statement of this theorem. 

4. Remark 

If Condition 2.2(RS) is not fulfilled, the corresponding system of PDEs 
in real components ( ) sksjyx fE ,,A  and sk g  can be considered. 

5. Lemma 

Let suppositions of Proposition 2.5 be satisfied and the operator xA  be 

given by Formula 2(3), let also yEE =  may be depending on the parameter 

Uy ∈  and let ( ) ( )zxKEyzxN y ,,, =  (see Formulas 1(1-4)). Suppose that 

( ) ( )RnnMatyxF ×∈,  and ( ) ( )rnnMatzxK A×∈,  for each ,,, Uzyx ∈  
where .2≥r  Then 

(1) ( ) ( ) ( ) ( ) ( )yxKEKAEIyxKEFA ymyxym ,,ˆ,, A−=  

( ) ( ),,, yxKEKP ym+  

(2) ( ) ( ) ( ) ( ) ( )yxKEKBEIyxKEFB ymyxym ,,ˆ,, A−=  

( ) ( ),,, yxKEKQ ym+  

where 

(3) ( ( ) ( )) ( ) ( ) ==| = yxKEKAzxKEyzKA ymxzyyxm ,,ˆ,,,ˆ
,,  

( )∑
−

=
−−σ−

1

0
1,1 ,

m

j
jm

j
x yxK  

( )∑ ∑
−

=

−

=
−−−−σ+

1

1

1

0
1,1,2

1
1

1 ,
m

j

j

j
jjjm

j
x yxKp  

( )∑ ∑ ∑
−

=

−

=

−

=
−−−−−− +σ+

1

1

1

1

1

0
1,1,1,3

2

1

1

2
211

2 ,
m

j

j

j

j

j
jjjjjm

j
x yxKp "  
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( ),,0...,,0,1
2 yxKp m

m
−

−+  

(4) 

( ( ) ( )) ( ) { [ ( ) ( ( ))]∑
=

−σσ−=
m

j
y

j
v

j
z

j
ym vwKEyzKzxKEyzKB

1

11 ,,1,,,ˆ  

( ( ) ( ) ( ( )))} ,,,,,ˆ
,

1
,, xwzvy

j
vyyzjm vwKEzxKEyzKAp ==
−

− |σ+  

(5) ( ) ( ) ( ( ) ( )) ,,,,ˆ:,,ˆ xzymym zxKEyzKByxKEKB =|=  

(6) ( ) ( ) ( ) ( ( )) ,,,,,ˆ
1 xzyy zxKEyzKyxKEKA =|−=  

(7) ( ( ) ( )) ( ) ( ( ))zxKEyzKzxKEyzKB yy ,,,,,ˆ1 −=  

for each 2≥m  in (3, 4), where ∑ = =m
lj ja 0:  for all ,ml >  

(8) ( ) ( ) ( ( )),,,:,,1 zxKEyxKzyxK y
j
xj σ=|  

(9) ( ) ( ) [ ( )],,,:, 111 ...,,,1...,,, zxKEyxKzyxK m
m

m llmy
l
xllm −−σ=|  

(10) ( ) ( ) ,,:, ...,,,...,,, 11 xzllmllm zyxKyxK mm =||=  

(11) ( ( ) ( )) ( ) ( )yxKEKPzxKEyzKP ymxzym ,,,,, =| =  

[ ] ( ) [ ] ( )
⎩
⎨
⎧

σ+σ= ∑ ∑ ∑−

=

−

=

−

= −−−−−−
1
1

1
1

1
1 1,1,21,1

1 1
1 ,,,,:

m
j

m
j

j
j jjjmy

j
xjmy

j
xx yxKEpyxKEA  

[ ]∑ ∑ ∑−

=

−

=

−

=
− −

−
−σ++

1
1

1
1

1
1

3
1

4

3
3 ,...

m
j

j
j

j
j y

j
x

m m

m
m Ep"  

( ) ,,1...,,1,1,2 341 ⎭
⎬
⎫

−−−−−−− −−
yxK mm jjjjjmm  

(12) ( )( )zyxEKKQm |,,  
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( ) ( ( ) ( ))( ( ))∑ −

= ===η
−

− |σηη−=
1
1 ,,

1 ,,,,,1:
m
j xwzvzy

j
vyjm

j vwKEzKEyKP  

(13) ( ) ( ) ( ) ( ) .,,:,, xzmm zyxEKKQyxEKKQ =||=  

Proof. Formulas (6) and (7) follow immediately from that of 2.2(2, 3) 
and 2.5(6, 7). Write mA  for each 2≥m  in the form: 

(14) 

( ) ( ) {[ ( ) ( ( ))] }∑
=

=
−− |σσ−=

m

j
xzy

jm
x

j
xym zxKEyzFyxKEKA

1

21 ,,,,,  

where .0 I=σ  Using that ( ) ( ) ( )yzKEIyzF yz ,, A−=  and ( )∈yzF ,  

( )RnnMat ×  we get from (14): 

(15) 

( )( ) {[( ) ( )( ( ))] }∑
=

=
−− |σ−σ−=

m

j
xzy

jm
xyx

j
xym zxKEyxKEIyxKEFA

1

1 .,,,, A  

In virtue of Proposition 2.5 we deduce from (12) that 

(16) 

( ) ( ) ( ) ( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

σ−−= ∑
=

−
−

m

j
jm

j
xyxym yxKEIyxKEFA

1
,1

1 ,,, A  

( ( ) ( )) [ ] ( )∑ ∑
=

−

=
−−=−− σ+|+

m

j

m

j
jmy

j
xxxzjmyj yxKEzxKEyzKAp

2

1

1
1,1,11 ,,,,, A  

( ) ( ) ( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

σ+σ−−= ∑ ∑ ∑
−

=

−

=

−

=
−−−−−−

1

0

1

1

1

0
1,1,21,1

1
1

1 ,,
m

j

m

j

j

j
jjjm

j
xjm

j
xyx yxKpyxKEI A  
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[ ] ( ) [ ] ( )∑ ∑∑
−

=

−

=

−

=
−−−−−− σ+σ+

1

1

1

1

1

1
1,1,2,1

1
1

1 ,,,,
m

j

m

j

j

j
jjjmy

j
xxjjmy

j
xx yxKEpyxKE AA  

( ( ) ( ))∑ ∑
−

=

−

=
=−−−− =|+

1

1

1

1
1,1,2

2

1
11 ,,,,

m

j

j

j
xzjjjmyj zxKEyzFAp "  

since [ ] y
j
x

j
xyy

j
x EEE σ=σ+σ ,  for ,1≥j  

( ) ( ) ( )∫
∞

σ=
x yyx dzzxKEyzFpyxKEA .,,,  Iterating relations (13) we infer 

by induction Formulas (1, 3, 11). Then we have 

(17) 

( ( ) ( )) ( ) ( ) ( ( ))∑
=

−− σσ−=
m

j
y

j
z

jm
z

j
ym zxKEyzFzxKEyzFB

1

121 ,,1,,,  

and for ( ) ( )RnnMatyzF ×∈,  for each Uyz ∈,  this reduces to: 

(18) 

( ( ) ( )) ( ) ( ) ( ( ( )))∑
=

−− σσ−=
m

j
y

j
z

jm
z

j
ym zxKEyzFzxKEyzFB

1

11 ,,1,,,  

( ) ( ) ( ) ( ( ( )) )∑
=

==
−− |σ−σ−=

m

j
xwzvy

j
vyz

jm
z

j vwKEyzKEI
1

,
1 .,,1 1 A  

Therefore, in view of Proposition 2.5 and Formula (1) the identity 

(19) 

( ( ) ( )) ( ) ( ) { ( ) ( ( ( )))
⎪⎩

⎪
⎨
⎧

σσ−−= ∑
=

−−
m

j
y

j
z

jm
z

j
yzym zwKEyzFEAIzxKEyzFB

1

11 ,,1,,,  
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( ( ) ( ) ( ( )))} xwzvzy
j
vyyzjm vwKEzKEyKAp ===η
−

− |
⎪⎭

⎪
⎬
⎫

σηη+ ,,
1

,, ,,,,ˆ  

( ) ( ( ) ( ) ( ( ))∑
−

=
===η

−
− |σηη−+

1

1
,,

1 ,,,,1
m

j
xwzvzy

j
vyjm

j vwKEzKEyKP  

is valid, since 

( ){ ( ( ))} xwzvy
j
vyz vwKEyzKEA ==
− |σ ,

1 ,,  

( ){ ( ){ ( ( ))}}∫
∞

==
−

σ |ησηη=
z xwzvy

j
vy dvwKEzKEyFp .,,, ,

1  

6. Proposition 

Suppose that 

(1) a PDO jL  is a polynomial ( )yxj σσΩ ,  of xσ  and yσ  for each 

,...,,1 0kj =  coefficients of jΩ  are real and Condition 1(3) is fulfilled for 

all j; 

(2) ( ) ( ) ( ) ( ) ( )yxKRyxKLEyxKL syxsyxyxs ,:,, ,,,, =− A  for each 

( )yxFks ,;...,,1 1=  is in ( )RnnMat ×  and ( ) ( )rnnMatyxK A×∈,  for 

each Uyx ∈,  (see 2(3)), σ  and A  are over the Cayley-Dickson algebra 

;1,,2, 01 kknrr ≤≤∈≤ NA  

(3) ( ) 0,,, =yxFL yxj  for every Uyx ∈,  and ....,,1 0kj =  

Then there exists a polynomial sM  of σ,, EK  and A  such that 

(4) ( ) ( ) ( ) ( ) ( )yxKMEIyxKR syxs ,, A−=  for each ....,,1 1ks =  

Proof. Proposition 2.5 and Corollary 2.6 imply that ( ) ( )yxKRs ,  can be 

expressed as a polynomial of ( ) ( ) σ,,,, EKFBEKFA mm  and ,EKA  where 

.N∈m  



E. Frenod and S. V. Ludkowski 22 

Take an algebra B  over the real field generated by the operators 
E,, Aσ  and I: 

( ( ) ),;,,,,,,,,,, IUzyxzxEalg yzyxzyx ∈∀σσσ= AAARB  

where I denotes the unit operator. In view of Proposition 3.1 [23], Theorems 
2.4.1 and 2.5.2 [22] the algebra B  is associative, since ( )yzF ,  is in 

( )RnnMat ×  for each ,, Uyz ∈  the algebra ( )RnnMat ×  is associative, also 

E is given by 1(2, 4). Therefore, there exists the Lie algebra ( )BL  generated 

from B  with the help of commutators [ ] GHHGGH −=:,  of elements 

B∈GH ,  (see also about abstract algebras of operators and their Lie 

algebras in [36]). Then [ ] ( )BLELY ss ,:=  is the (two-sided) ideal in ( )BL  

and hence there exist the quotient algebra ( ) ss YBLL :  and the quotient 

morphism ( ) .: ss LBL →π  

Next consider the universal enveloping algebra U  of the Lie algebra 
( ).BL  In virtue of Proposition 2.1.1 [2] there exists a unique homomorphism 

τ  from U  into .B  The algebra ( ( ))rnnMatUC A×
∞ ,  over the real field also 

has the structure of the left module of the operator ring B  and hence of 

( )BL  and U  as well, where ( ( ))rnnMatUC A×
∞ ,  denotes the algebra of all 

infinitely differentiable functions from RU  into ( )rnnMat A×  (see Section 

1). Since ( ( ))rnnMatUC A×
∞ ,  is dense in ( ( )),, rnn

l MatUC A×  then it is 

sufficient to consider ( ( )),, rnnMatUC A×
∞  where ( ).max 0...,,1 sks Lordl ==  

On the other hand, [ ] ss EL UU :, =  is the (two-sided) ideal in .U  

Let ( )yx,P  denote the R-linear algebra generated by sums and products 

of all terms QP so that P are polynomials of functions 

( )( )rnnMatUCK A×
∞∈ ,  and Q are acting on them polynomials of operators 

E,, Aσ  (or gTSB ,,  instead of E, since ,)gBSTE =  where coefficients of 

P and Q are chosen to be real, since coefficients of each polynomial jΩ  are 
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real. Certainly the equality α=α TT  is valid for each ( )RnnMatT ×∈  and 

,rA∈α  since R is the center of the Cayley-Dickson algebra rr ≤2,A  

and ( ) ( ) jijijiji TTTT ,,,, α=α=α=α  for each ( )ji,  matrix element ( ) jiT ,α  

of .Tα  

The polynomial ( ) ( )yxKRs ,  is calculated with the help of           

Conditions (3), where 1...,,1 ks =  (see also Section 2). From formula (2) it 

follows that the polynomial ( )( )yxKRs ,  belongs to ( ) ( )yxEI yx ,PA−  

{ ( )( )}∑ = ×
∞+ 0

1 ,k
j rnnj MatUC AU  for each ....,,1 0ks =  Applying the 

quotient mapping jπ  for all 0...,,1 kj =  and using Proposition 2.3.3 [2] we 

get Formula (4), since ( ) 0=π jj U  and Condition 1(3) is imposed for each 

....,,1 0kj =  

7. Example 

Take two partial differential operators 

(1) (( ) )∑ σ−σ−==
l

l
y

l
xlyx aLL :,,11  and 

(2) ( ( ) )∑ σ−−σ==
l

l
y

l
xlyx aLL ,:,,22  

where R∈la  for each l when σ  is over rA  with ,2≥r  the sum is finite 

or infinite, .N∈l  The functions ( )yxF ,  and ( )yxK ,  of rA  variables 

Uyx ∈,  have values in ( )RnnMat ×  and ( )rnnMat A×  respectively, where 

.2,1 ≥≥ rn  A domain U in rA  satisfies conditions 2.1 ( )2,1 DD  with 

.U∈∞  On a function ( )yxF ,  are imposed two conditions: 

(3) ( ) 0,,,1 =yxFL yx  and 

(4) ( ) .0,,,2 =yxFL yx  

Suppose that conditions of Proposition 2.5 are fulfilled and 
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(5) ( ) ( ) ( ) ( )∫
∞

σ+=
x

dzzxNyzFpyxFyxK ,,,,,  

where p is a non-zero real parameter, ( ) ( )zxEKzxN ,, =  for each 

,, Uzx ∈  while E is a bounded right rA -linear operator satisfying 

Conditions 1(2-4) and either 2(13) or 2(14). 

Condition (3) is equivalent to 

(6) ( ) ( ) ( )∑ ∑ σ=σ−
l l

l
yl

l
xl yxFayxFa ,,  and (4) to 

(7) ( ) ( ) ( )∑ ∑ =σ−=σ
l l

l
y

l
l

l
xl yxFayxFa 0,1,   

correspondingly. Acting on both sides of the equality (5) by the operator 1L  

and using (6) and Proposition 2.5 we get 

(8) 

( ) (( ) ( ) ) ( ) ( )∑ ∫
∞

σσ−−σ−=
l x

l
z

l
xlyx dzzxNyzFapyxKL ,,, 1

,,1  

(( ) ) ( ) ( )∑ ∫
∞

σσ−σ−=
l x

l
z

l
xl dzzxNyzFap ,,22  

( ) ( ) ( ) ( ) ( )( )∑ −−+
l ll

l
l yxNFByxNFAap ,;,;1  and hence 

(9) ( ) ( ) ( )∫
∞

σ=
xzxyx dzzxNyzFLpyxKL ,,, ,,1

2
,,1  

( ) ( ) ( ) ( ) ( )( )∑ −−+
l lll

l yxNFByxNFAap .,;,;1  

Then from (5, 7) we infer that 

(10) ( ) ( ) ( ) ( )∑ ∫
∞

σσ−σ=
l x

l
z

l
xlyx dzzxNyzFapyxKL ,,, 1

,,2   
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( ( ) ) ( ) ( )∑ ∫
∞

σσ−−σ=
l x

l
x

l
xl dzzxNyzFap ,,22  

( ) ( ) ( ) ( )( )∑ −+
l lll yxNFByxNFAap ,;,;  and consequently, 

(11) ( ) ( ) ( )∫
∞

σ=
xzxyx dzzxNyzFLpyxKL ,,, ,,2

2
,,2  

( ) ( ) ( ) ( )( )∑ −+
l lll yxNFByxNFAap .,;,;  

Then Equalities (9; 11) imply that 

(12) ( ) ( ) ( ) ( ) ( )∫
∞

σ±=±
xzxzxyxyx dzzxNyzFLLpyxKLL ,,, ,,2

2
,,1

2
,,2,,1  

( ( ) ) ( ) ( ) ( ) ( )( )∑ −−+±+
l ll

l
l yxNFByxNFAap .,;,;11  

We take into account sufficiently small values of the parameter p, when 
the operator EI xA−  is invertible, for example, ,1<ExA  where 

( ) ( ) ( )∫
∞

σ=
xx dzzxKyzFpyxK .,,,A  In the case ( )RnnMatF ×∈  and 

( )rnnMatK A×∈  with σ  over ,rA  from (5, 12), Lemma 5 and Proposition 

6 it follows that K satisfies the nonlinear PDE 

(13)  

( ) ( ( ) ) [ ( ) ( ) ( ) ( )]∑ =−−+±−±
l lll

l
yx yxEKKByxEKKAapyxKL ,0,;ˆ,;ˆ11,,  

where 

(14) ( ( ) ) ( )∑ σ−σ−+±=±
l

l
y

l
xl

l
yx aL ,11,  

lÂ  and lB̂  are given by formulas 5(3-7), since 0,, =cba  when 

particularly ( ),RnnMata ×∈  where ( ) ( )bcecebcbe −=,,  denotes the 

associator of the Cayley-Dickson matrices ( ),,, rnnMatcbe A×∈  also since 
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α=α aa  for each .rA∈α  A solution of (13) reduces to linear PDEs and is 

prescribed by (3-5). Equivalently the function K satisfies also the PDEs 

(15) 

( ) ( ) [ ( ) ( ) ( ) ( )]∑ =−−−
l lll

sl
yxs yxEKKByxEKKAapyxKL 0,;ˆ,;ˆ1,,,  

for 1=s  and .2=s  Instead of this system it is possible also to consider 
separately PDOs 1L  and 2L  and the corresponding PDEs for F and K as 

well. Thus with the help of Theorem 3 we get the following. 

7.1. Theorem 

Suppose that conditions of Theorem 3 and Example 7 are fulfilled, then a 
solution of PDE (15) is given by (3, 5), where 1L  is prescribed by Formula 

(1), .1=s  

8. Example 

Let PDOs be 

(1) ,,;11 yxyxLL σ−σ==  

(2) ( ( ) )∑ σ−+σ==
l

l
yl

jll
xlyxjj baLL ,1,;,2,2  

where R∈ll ba ,  for each l when σ  is over mA  with ,2≥m  the sum is 

finite or infinite, 1=j  or .2=j  It is also supposed that the functions 

( )yxF ,  and ( )yxK ,  of mA  variables Uyx ∈,  have values in 

( )RnnMat ×  and ( )mnnMat A×  correspondingly, where .2,1 ≥≥ mn  A 

domain U in mA  satisfies Conditions 2.1 ( )2,1 DD  with .U∈∞  Suppose 

that 

(3) ( ) 0,,;1 =yxFL yx  and consider the integral relation: 

(4) ( ) ( ) ( ) ( )∫
∞

σ+=
x

dzzxNyzFpyxFyxK ,,,,,  

where N and K are related by Formulas 1(1, 2). 
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Using condition (3) we can write ( ) .2, ⎟
⎠
⎞⎜

⎝
⎛ += yxFyxF  Therefore we 

deduce that 

(5) 

( ) ( )∫
∞

σ ⎟
⎠
⎞⎜

⎝
⎛ ++⎟

⎠
⎞⎜

⎝
⎛ +=

xyxjyxjyxj dzzxNyzFpLyxFLyxKL ,22, ,;,2,;,2,;,2  

( ( ) ) ( )∑ ∫
∞

σ ⎟
⎠
⎞⎜

⎝
⎛ +σ−+σ+⎟

⎠
⎞⎜

⎝
⎛ +=

l
x

l
zl

jll
xlyxj dzzxNyzFbapyxFL ,212

1
,;,2  

( ( )( ) ) ( )∑ ∫⎩
⎨
⎧

⎥⎦
⎤

⎢⎣
⎡

⎟
⎠
⎞⎜

⎝
⎛ +σ−+σ+⎟

⎠
⎞⎜

⎝
⎛ +=

∞
σ

+

l
x

l
zl

ljl
xlyxj dzzxNyzFbapyxFL ,212

212
,;,2  

( ) ( ) ( ) ( ) ( ) .,;1,;
⎪⎭

⎪
⎬
⎫

−++ yxNFBbyxNFAa ll
jl

ll  

Imposing the condition 

(6) ( ) ,0,,;2 =yxFL yx  where 

(7) ( ( ( ) ) )∑ σ−++σ=+= l
l
yl

ll
xlyxyxyx baLLL ,112,;2,2,;1,2,;2  we get 

the nonlinear PDE with the help of Lemma 5 and Proposition 6 

(8) 

( ) { ( ) ( ) ( ( ) ) ( ) ( )}∑ =−++−
l

ll
l

llyx yxNKBbyxNKAapyxKL ,0,;ˆ11,;ˆ2,,;2  

since the center of the Cayley-Dickson algebra mA  is the real field R and so 

the commutator of bI and ∫σ  is zero, [ ] ,0, =∫σbI  also ( )( ) =FKbI  

( ) ,bFKbIKF =  when b is a real constant. Making the variable change 

yy −6  one gets the PDO yx σ+σ  instead of yx σ−σ  and the 

corresponding changes in the PDO .2L  Then Theorem 3 implies the 

following. 



E. Frenod and S. V. Ludkowski 28 

8.1. Theorem 

 Let conditions of Theorem 3 and Example 8 be fulfilled, then a solution 
of PDE (8) is described by formulas (3), (4), (6), where PDOs 1L  and 2L  

are provided by expressions (1, 7). 

9. Example 

 Consider now the generalization of PDOs from Section 5 with :2≥k  

(1) ,,;11
k
y

k
xyxLL σ−σ==  

(2) ( ( ) )∑ σ−+σ== l
kl
yl

jklkl
xlyxjy baLL ,1,;,2,2  where k is a natural 

number, R∈ll ba ,  for each l when the Dirac type operator σ  is over mA  

with ,2≥m  the sum is finite or infinite, 1=j  or .2=j  Other suppositions 

are as in Section 8. Let 

(3) ( ) 0,,;1 =yxFL yx  and 

(4) ( ) ( ) ( ) ( )∫
∞

σ+=
x

dzzxNyzFpyxFyxK ,,,,,  

where N is expressed through K by 1(1, 2). 

Then we deduce the identities: 

(5) ( ) ( ) ( ) ( )∫
∞

σ+=
xyxjyxjyxj dzzxNyzFpLyxFLyxFL ,,,, ,;,2,;,2,;,2  

( ) ( ( ) ) ( ) ( )∑ ∫
∞

σσ−+σ+=
l

x
kl
zl

jklkl
xlyxj dzzxNyzFbapyxFL ,,1, 1

,;,2  

( ) ( ( )( ) ) ( ) ( )∑ ∫⎩
⎨
⎧

⎥⎦
⎤

⎢⎣
⎡ σ−+σ+=

∞
σ

+

l
x

l
zl

kljkl
xlyxj dzzxNyzFbapyxFL ,,1, 212

,;,2  

( ) ( ) ( ) ( ) ( ) .,;ˆ1,;ˆ
⎭
⎬
⎫

−++ yxNFBbyxNFAa kll
jkl

kll  
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From the condition 

(6) ( ) 0,,;2 =yxFL yx  with the PDO 

(7) ( ( ( ) ) )∑ σ−++σ=+=
l

kl
yl

klkl
xlyxyxyx baLLL 112,;2,2,;1,2,;2  

we infer that a function K is a solution of the nonlinear PDE of the form: 

(8) 

( ) { ( ) ( ) ( ( ) ) ( ) ( )}∑ =−++−
l

kll
kl

kllyx yxNKBbyxNKAapyxKL .0,;ˆ11,;ˆ2,,;2  

9.1. Theorem 

Let conditions of Theorem 3 and Example 9 be satisfied, then a solution 
of PDE (8) is provided by Formulas (3), (4), (6), where PDOs 1L  and 2L  

are given by (1, 7). 

10. Example 

Let now the pair of PDOs be 

(1) ,,;11
k
y

k
xyxLL σ+σ==  

(2) ( ( ) ( ) )∑ σ−+σ== +
l

kl
yl

kljkl
xlyxjj baLL ,1 1

,;,2,2  

where k is a natural number, UFKk ,,,2≥  and σ  have the same meaning 

as in Sections 1 and 2, R∈ll ba ,  for each l when σ  are over mA  with 

( )RnnMatFm ×∈≥ ,2  and ( ),rnnMatK A×∈  the sum is finite or infinite, 

1=j  or .2=j  Imposing the conditions 

(3) ( ) 0,,;1 =yxFL yx  and 

(4) ( ) 0,,;2 =yxFL yx  with 

(5) ( ( ( ) ( ) ) )∑ σ−++σ=+= +
l

kl
yl

klkl
xlyxyxyx baLLL 1

,;2,2,;1,2,;2 112  

and considering the integral transform 
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(6) ( ) ( ) ( ) ( )∫
∞

σ+=
x

dzzxNyzFpyxFyxK ,,,,,  

where N is related with K by expressions 1(1, 2), we infer that 

(7) ( ) ( ) ( ) ( )∫
∞

σ+=
xyxjyxjyxj dzzxNyzFpLyxFLyxKL ,,,, ,;,2,;,2,;,2  

( ) ( ( ) ( ) ) ( ) ( )∑ ∫
∞

σ
++ σ−+σ+=

l
x

kl
zl

jkljlkl
xlyxj dzzxNyzFbapyxFL ,,1, 11

,;,2  

( ) ( ( ) ( ) ( ) ) ( ) ( )∑ ∫⎩
⎨
⎧

⎥⎦
⎤

⎢⎣
⎡ σ−+σ+=

∞
σ

++

l
x

l
zl

kjlkl
xlyxj dzzxNyzFbapyxFL ,,1, 2112

,;,2  

( ) ( ) ( ) ( ) ( ) ( ) .,;1,; 1

⎭
⎬
⎫

−++ ++ yxNFBbyxNFAa kll
jkljl

kll  

Thus in virtue of Lemma 5 and Proposition 6: 

(8) 

( ) { ( )( ) (( ) ( ) ) ( )( )}∑ =−+−+−
l

kll
kll

kllyx yxNKBbyxNKAapyxKL .0,;ˆ11,;ˆ2,,;2  

10.1. Theorem 

If conditions of Theorem 3 and Example 10 are satisfied, then a solution 
of PDE (8) is given by Formulas (3, 4, 6), where PDOs 1L  and 2L  are as in 

(1, 5). 

10.2. Remark 

Transformation groups related with the quaternion skew field are 
described in [31]. Automorphisms and derivations of the quaternion skew 
field and the octonion algebra are contained in [36], that of Lie algebras and 
groups in [6]. 

11. Example 

Consider now the term N in the integral operator 
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(1) 

( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )( )[ ]∫
∞

σ+=
x

dzzxEKxgzfyzFpyxKyxKxgyf ,,,,  

with multiplier functions ( )zf  and ( )xg  satisfying definite conditions (see 

below), where F, K and ( ) ( ) ( ) ( )( ),,, zxEKxgzfzxN =  p have the 

meaning of the preceding paragraphs, E is an operator fulfilling Conditions 
1(2, 3) and either 2(13) or 2(14) also. Suppose that 

(2) ( ) ( ) ( ) ( )∑ λ=∂∂ψ=σ ξj jjjz zfzzfizf  and 

(3) ( ) ( ) ( ) ( )∑ μ=∂∂ψ=σ ξj jjjx xgxxgixg ,  where 

∑ λψ=λ
j jjji  and 

∑ μψ=μ j jjji  with R∈μλ jj ,  for each j. We choose the functions 

( ) ⎟
⎠
⎞

⎜
⎝
⎛ λ= ∑ j jjzCzf exp1  and ( ) ⎟

⎠
⎞

⎜
⎝
⎛ μ= ∑ j jjxCxg exp2  satisfying PDEs (2) 

and (3) correspondingly, where 1C  and 2C  are real non-zero constants, 

∑ ∈=∈ j jjjj UzxxixRzx .,,,,  The first PDO we take as 

(4) ,,,11
k
y

k
xyx sLL σ+σ==  

where ,1≥k  either 1=s  or .1−=s  Then the condition 

(5) ( ) 0,,,1 =yxFL yx  is equivalent to 

(6) ( ) ( ).,, yxFsyxF k
y

k
x σ−=σ  

Therefore we get from Proposition 2.5 with ( ) =zxN ,  

( ) ( ) ( )( )zxEKxgzf ,  that 
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(7) ( ) ( ) ( ) ( )( )[ ] ( )∫
∞

σ−=σσ
x

kl
z

lkl
y sdzzxEKxgzfyzF 1,,  

( ) ( ) ( ) ( )( )[ ]∫
∞

σ
x

dzzxEKxgzfyzF ,,  

( ) ( )[ ] ( ) ( ) ( ) ( )( )[ ]∫
∞+ σσ+σ−=
x

kl
zz

kll dzzxEKxgzfyzFs ,,1 421  

( ) ( ) ( ) ( ) ( )( )[ ]( ) ,,;, xzkl
l zxEKxgzfyzFBs =|−+  

where F stands on the first place, f on the second, g on the third and (EK) on 
the fourth place. Then from (2) and (7) it follows that 

(8) ( ) ( ) ( ) ( )( )[ ]∫
∞

σσ
x

kl
y dzzxEKxgzfyzF ,,  

( ) ( )[ ] ( ) ( ) ( ) ( )( )[ ]∫
∞+ σλ+σ−=
x

kl
z

kll dzzxEKxgzfyzFs ,,1 41  

( ) ( ) ( ) ( ) ( )( )[ ]( ) .,;, xzkl
l zxEKxgzfyzFBs =|−+  

Evaluation of the other integral with the help of Proposition 2.5 and Formula 
(3) leads to: 

(9) ( ) ( ) ( ) ( )( )[ ]∫
∞

σσ
x

kl
y dzzxEKxgzfyzF ,,  

[ ] ( ) ( ) ( ) ( )( )[ ]∫
∞

σσ+σ=
x

kl
xx dzzxEKxgzfyzF ,,43  

( ) ( ) ( ) ( )( )[ ]( ) ,,;, xzkl zxEKxgzfyzFA =|+  

[ ] ( ) ( ) ( ) ( )( )[ ]∫
∞

σμ+σ=
x

kl
x dzzxEKxgzfyzF ,,4  

( ) ( ) ( ) ( )( )[ ]( ) .,;, xzkl zxEKxgzfyzFA =|+  

 Thus in this particular case PDEs of Examples 7-10 change. For example, 
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PDE 10(8) takes the form: 

(10) ( ( ) ( ( ) ( ) ) ( ) ) ( )∑ λ+σ−++μ+σ +

l

kl
yl

klkl
xl yxKba ,112 1  

( ) ( ) { ( ) ( ) ( )( )[ ] ( ) ( ) ( )( )[ ]( )∑ =|−
l

xzkll zxEKxgzfyzKzgyfAaxgyf
p ,;,ˆ2  

( ( ) ( ) ) ( ) ( ) ( )( )[ ] ( ) ( ) ( )( )[ ]( ) } ,0,;,ˆ11 1 =|−++ =
+

xzkll
kl zxEKxgzfyzKzgyfBb  

when ( )RnnMatF ×∈  and ( )rnnMatK A×∈  with r≤2  and E is the right 

linear operator over ,rA  since the operator E satisfies Conditions 1(2, 3) and 

either 2(13) or 2(14); the functions ( )yf  and ( )xg  have values in { }0\R  for 

each ,, Uyx ∈  whilst R is the center of the Cayley-Dickson algebra. 

Analogous changes will be in Examples 7-9. 

12. Example 

Let the non-commutative integral operator be 

(1) ( ) ( ) ( )yxKyxFyxK x ,,, B+=  with 

(2) ( ) ( ) ( )∫
∞

σ=
xx dzyzxNyzFpyxK ,,,,,B  

where ( )yzxNKF ,,,,  are as in Proposition 2.5 and Theorem 3, 

( ),RnnMatF ×∈  K and N are in ( ),mnnMat A×  while p is a sufficiently 

small non-zero real parameter, N is an operator function right linear in K as 
in Section 1. Put 

(3) ( ) ( )zxKEyzxN y ,,, =  for every x, y and z in U, 

where [ ] 0, =jy LE  for each 0...,,1 kj =  and yEEUy =∈ ,  may depend 

on the variable Uy ∈  also, E is an operator satisfying Conditions 1(2, 3) 

and either 2(13) or 2(14), .2≥m  Choose two PDO 

(4) ,,,11 yxyxLL σ+σ==  
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(5) ,,,22 yl
l
xlyx saLL σ+⎟
⎠
⎞⎜

⎝
⎛ σ== ∑  

where ,R∈s  s is a non-zero real constant, R∈la  for each l when the 

Dirac type operator σ  is over mA  with .2≥m  We impose the conditions: 

(6) ( ) 0,,, =yxFL yxj  for 1=j  and ,2=j  for all ., Uyx ∈  Then it is 

possible to write ( ) .2, ⎟
⎠
⎞⎜

⎝
⎛ −= yzFyzF  Applying the PDO 2L  to both sides 

of (1) and using (2), Proposition 2.5 and Conditions (3-6) we deduce that 

(7) 

( ) ( ) ( )∫∑
∞

σ
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

σ+σ−σ=
x

l
yz

l
xlyx dzyzxNyzFssapyxKL ,,,, 21

,,2  

( ) ( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

σ+σ+σ= ∫∑
∞

σ x
l

yz
l
xl dzyzxNyzFssap ,,,222  

( ) ( ) ( ) ( ).,;,; 1 yxNFpsByxNFAap
l

ll −
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+ ∑  

For sufficiently small non-zero real values of p the operator xI B−  is 

invertible and hence Equality (7), Lemma 5 and Proposition 6 imply that K 
satisfies the nonlinear partial integro-differential equation: 

(8) ( ) ( ) ( ) ( ) ( )yxxyxpsKyxNKAapyxKL
l

llyx ,,;,;ˆ,,,2 −
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
− ∑  

( ) ( )∫
∞

σ =σ−
x y dzyzxNyzKps .0,,,  

12.1. Theorem 

A solution of PIDE (8) is described by (1, 2, 3, 6), where PDOs 1L  and 
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2L  are given by (4, 5), provided that conditions of Theorem 3 and Example 

12 are satisfied. 

13. Example 

Suppose that functions K and F are related by equations 12(1, 2) and take 
two PDOs 

(1) yxyxL σ−σ=,,1  and 

(2) ,,,2 yxyx sL Δ+Δ=  

where the coefficient 0ψ  is null in σ  and hence the Laplace operator is 

expressed as ,2σ−=Δ  while { }.0\R∈s  Now we take a function N in the 

form 

(3) ( ) ( ),,,, bzayxEKyzxN +=  

where a and b real parameters to be calculated below such that ,022 >+ ba  
b is non-zero. Then from the conditions 

(4) ( ) 0,,, =yxFL yxj  for 1=j  and ,2=j  

Proposition 2.5 and Corollary 2.6 it follows that 

(5) ( ) ( ) ( ) ( )∫
∞

σ +σ+σ−=
xyxyx dzbzayxEKyzFspyxKL ,,, 22

,,2  

( ( ) ) ( ) ( )∫
∞

σ +σ+σ−Δ=
xyyx dzbzayxEKyzFsp ,,2212  

( ) ( )( ) xzbzayxEKyzFpA =|+− ,,,2  

and 

(6) ( ) ( ) ( )∫
∞

σ +σ+σ
xyy dzbzayxEKyzF ,,221  
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[ ] ( ) ( )∫
∞

σ
−−− +σ+σσ+σσ+σ=

xzzzzzz dzbzayxEKyzFbaabab ,,222212121121  

[ ( ) ( ) ( ) ] ( ) ( )∫
∞

σ
−−−− +σ−+σ−+σ+σ=

xzzzz dzbzayxEKyzFabbaabab ,,1 221222112211  

( ) ( ) ( )∫
∞

σ
− +σ−=

xz dzbzayxEKyzFab ,,1 2221  

( ) ( )( )[ ] ( ) ( )( )yxEKFBabbzayxEKyzFab xzz ,,1,, 2
11 −

=
− −+|+σ−  

( ) ( ( ))yxKbabp yx ,1 22211 σ−= −− B  

( ) ( )( )[ ] ( ) ( )( ),,,1,, 2
11 yxEKFBabbzayxEKyzFab xzz
−

=
− −+|+σ−  

since 

( ) ( ) ( ) ( )[ ]∫ ∫
∞ ∞

σσ σ=σ
x x zz dzyzxNyzFdzyzxNyzF ,,,,,, 22  

( ) ( )( )[ ] .,, xzz bzayxEKyzF =|+σ−=  

Then identities (5; 6) imply that 

(7) ( ) [ ( )] ( ) ( )( ) xzyxxyx bzayxEKyzFpAyxKLyxKL =|+−= ,,,,, 2,,2,,2 B  

( ) ( )( )[ ] ( ) ( )( )yxEKFBabpsbzayxEKyzFpsab xzz ,,1,, 2
11 −

=
− −−|+σ+  

when ( ) 12 =− ab  and b is non-zero, that is either 1+= ba  or .1−= ba  

In virtue of Lemma 5 and Proposition 6 this gives the nonlinear PDE for K. 

(8) ( ) ( ) ( )( ) xzyx bzayxEKyzKApyxKL =|++ ,,,ˆ, 2,,2  

( ) ( )( )[ ] ( −+|+σ− =
− 1,,1

xzz bzayxEKyzKpsab  

) ( ) ( )( ) .0,,,ˆ2
1 =|+ =
−

xzbzayxEKyzKBpsab  
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13.1. Theorem 

A solution of PDE (8) is given by (3, 4) and 12(1, 2), where PDOs 1L  

and 2L  are prescribed by (1, 2), whenever conditions of Theorem 3 and 

Example 13 are satisfied. 

14. Nonlinear PDE with parabolic terms 

Let 

(1) ∑ =
∂∂=∂

v
k kt t

1
:  

be the first order PDO, where vtt ...,,1  are real variables independent of 

other variables 

( ) { ≤=∀∈=∈=∈ 0...,,1::,...,,,,, 1 vktWWtttUzyx v
v R  

},kk Tt <  where kT  is a constant, ∞≤< kT0  for each k. 

Suppose that 

(2) F and K are continuously differentiable functions by kt  for each k so 

that ( ) ( )∫
∞

σ x
dzyzxNyzF ,,,  converges for some Wt ∈  and 

(3) the integrals ( )( ) ( )∫
∞

σ ∂
x t dzyzxNyzF ,,,  and 

( ) ( )( )∫
∞

σ ∂
x t dzyzxNyzF ,,,  

converge uniformly on W in the parameter t. 

In virtue of the theorem about differentiation of an improper integral by a 
parameter the equality is valid: 

(4) ( ) ( )∫
∞

σ∂
xt dzyzxNyzF ,,,  
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( )( ) ( ) ( ) ( )( )∫ ∫
∞ ∞

σσ ∂+∂
x x tt dzyzxNyzFdzyzxNyzF .,,,,,,  

Using (4) the commutator ( ) ( )( ) ( ) [( −+∂−+∂− ILfLEI ststyxA  

) ]fEyxA  can be calculated, when there is possible to evaluate the 

commutator ( ) ( ) [( ) ] ( )fRfEILfLEI syxssyx =−−− AA  for suitable 

functions f and a PDO yxss LL ,,=  (see also Section 2). 

14.1. Example 

Let a PDO be 

(1) ( ( ) )∑ σ−+σ+∂= +
l

l
y

ll
xlt aL 1

1 1  and let 

(2) ( ) ( ),,,, zxKEyzxN y=  

where R∈la  for all ...,,2,1,0=l  so that conditions 1(2, 3) and 2(1, 5) 

are fulfilled, ( ) ( ) ,2,, rMatKMatF rnnnn ≤∈∈ ×× AR  the first order PDO 

σ  is over the Cayley-Dickson algebra rA  (see Sections 1, 2 and 14). Then 

( ) ( ) ( )yxFayxFa
l

l
xll

l
y

l
lt ,,1 1 ⎟

⎠
⎞⎜

⎝
⎛ σ−=⎟

⎠
⎞⎜

⎝
⎛ σ−+∂ ∑∑ +  

for all ., Uyx ∈  Therefore, we infer from Proposition 2.5 that 

(3) ( ) ( ) ( ) ( )∫∑
∞

σ⎟
⎟
⎠

⎞

⎜
⎜
⎝

⎛
σ−σ+∂=

x y
l

l
z

l
xlt dzzxNEyzFapyxKL ,,, 12

1  

( ( ) ) ( ) ( )∫∑
∞

σ
+

⎟
⎟
⎠

⎞

⎜
⎜
⎝

⎛
σ−−σ+∂=

x y
l

l
z

ll
xlt dzzxNEyzFap ,,1 2122  

( ) ( ) ( ) ( )( )∑ −+
l

lll yxNFByxNFAap .,;,;  

Hence we deduce a nonlinear PDE 
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(4) ( ) ( ( ) ( ) ( ) ( ))∑ =−−
l

lll yxEKKByxEKKAapyxKL .0,;ˆ,;ˆ,1  

Its solution reduces to the linear problem 2(2, 5). We mention that PDE 
(4) corresponds to some kinds of Sobolev type nonlinear PDEs. 

14.2. Generalized approach 

Let kLL ...,,1  and kSS ...,,1  be PDOs which are polynomials or series 

of xσ  and yσ  so that 

(1) [ ] 0, =jj SL  

for each ,...,,1 kj =  where x and y are in a domain U in the Cayley-Dickson 

algebra rr ≤2,A  (see Subsection 2.3). Instead of the conditions 0=FL j  

it is possible to consider more generally 

(2) ,jj GFL =  where jG  are some functions known or defined by some 

relations, while functions F, jG  and K may also depend on a parameter 

Wt ∈  (see Section 14) so that ( ) jnn GMatF ,R×∈  for all j and K have 

values in ( ).rnnMat A×  It is also supposed that F and K are related by the 

integral equation 2(1) and ( ) ( )zxKEzyxN y ,,, =  and Conditions 1(2, 3) 

are satisfied. In particular, if 

(3) ( ) ,KSILG jjj +=  then a solution of the linear system of PIDEs 

(4) ( ) ( ) ( )yxKSILyxFL jjj ,, +=  and 

(5) ( ) ( ) ( )yxFyxKEI x ,, =− A  

would also be a solution of nonlinear PIDEs 

(6) ( ) ( ) ,0, =+ KMyxKLS jjj  

where jM  corresponds to jL  for each 0...,,1 kj =  with kk ≤≤ 01  as in 

Section 2. Thus, this generalizes PIDEs 2(12). 
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15. Theorem 

Let { }0...,,1: ksLs =  be a set of PDOs which are polynomials 

( )yxs σσΩ 21 ,  over rA  or R. Let also G be the family of all operators 

gBSTE =  satisfying the condition [ ] 0, =ELs  for each ,...,,1 0ks =  

where ( ) ( )( ) ( ),,, UDiffgMatAutSSLB rnnn
∞

× ∈∈∈ AR  gT  is 

prescribed by Formula 1(4), xσ1  and yσ2  are over the Cayley-Dickson 

algebra .2, ≥rrA  Then the family G forms the group and there exists an 

embedding of G into ( ) ( )( ) ( ).UDiffMatAutSL rnnn
∞

× ×× AR  

Proof. The composition (set theoretic) in the family G of the 

aforementioned operators is associative. Then the inverse 1111 −−−− = BSTE g  

of gBSTE =  exists, since B, S and gT  are invertible for every ( ),RSLB n∈  

( )( )rnnMatAutS A×∈  and ( )UDiffg ∞∈  so that .1
1

−=−
gg TT  On the 

other hand, the identity [ ] [ ]111 ,, −−− −= ELEELE ss  is valid. Thus, the 

equality [ ] 0, =ELs  implies that sL  and 1−E  commute, [ ] ,0, 1 =−ELs  as 

well. Therefore, from GE ∈  the inclusion GE ∈−1  follows. The identity 
[ ] [ ] [ ]212121 ,,, ELEEELEEL sss +=  implies that GEE ∈21  whenever 

GE ∈1  and .2 GE ∈ . Thus the family G has the group structure. There 

exists the bijective correspondence between diffeomorphisms ( )UDiffg ∞∈  

and operators gT  acting on functions defined on U with values in 

( )rnnMat A×  according to Formula 1(4). Each element E in G is of the form 

,gBSTE =  where ( ) ( )( ) ( ),,, UDiffgMatAutSSLB rnn
∞

× ∈∈∈ AR  

consequently, an embedding ( ) ( )( ) ( )UDiffMatAutSLG rnnn
∞

× ××ω AR:  

exists. 
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4. Nonlinear PDEs Used in Hydrodynamics 

1. Remark 

In the previous article [23] vector hydrodynamical PDEs were 
investigated. Using results of Sections 2 and 3 we generalize the approach 
using transformations of functions by operators E of the form 3.1(2). 

2. Example 

Generalized Korteweg-de-Vries’ type PDE. Let 

(1) ( ) ( )zxEKyzxN ,,, =  as in 3.1(1) and let xA  be given by 3.2 (3), 

where E satisfies conditions 3.1(2, 4), 

(2) 2
2

2
11 yxL σ−σ=  and 

(3) ,33 3
21

2
2

2
12

3
132 yxyxyxtL σ+σσ+σσ+σ+σ=  

where ,00201 =ψ=ψ  

(4) 01 =FL  and 0,2 =FL j  for each .2...,,0 1−= rj  

Taking into account symmetry operators E and transforming correspond-
ing equations from example 4.2 [23] we get the equality 

(5) ( ) ( )yxKyxyxyxt ,33 3
21

2
2

2
12

3
13 σ+σσ+σσ+σ+σ  

( ) ( ) ( )( )[ ] ( ){[ ] ( ) }xzxzxyx zxEKyxKxxEKyxK =|σσ−σσ+σ+ ,,,,,6 111
1
2

1
1  

[ ] ( ) ( )[ ] 0,,, 1
2

1
1 =σσ− xxEKyxKxx  

follows, when the operator ( )EI xA−  is invertible. 

2.1. Theorem 

If suppositions of Theorem 3.3 and Example 2 are satisfied. Then a 
solution of PDE (5) with 00201 =ψ=ψ  over the Cayley-Dickson algebra 

rA  with 32 ≤≤ r  is given by Formulas (2-4) and 3.2(1), when .1=p  
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2.2. Example 

Korteweg-de-Vries’ type PDE. Continuing Example 2 mention that on 

the diagonal yx =  the operators are: == xxxx LL ,,2,,1 ,0  .8 3
1 xt σ+∂∂  

Therefore, [ ] 0,,,1 =EL xx  is valid. Let E be independent of the parameter t, 

then [ ] ,0, =∂∂ Et  since R∈t  and R is the center of the Cayley-Dickson 

algebra .rA  To the term 3
1 xσ  the cubic form ( ) −=3Im w  ww 2  

corresponds, since ,001 =ψ  where ( ) =−= ∗ wwww ,2Im  

R∈ψ++ψ −−− jxxixi rrr ,111 222111 "  for each j. That is for gSTE =  the 

restriction is [ ] ,0,2 =Eww  where 1=n  and .1=B  Geometrically in the 

real shadow of ( )rAIm  such ( )xEE =  permits any rotations along the axis 

wJ  parallel to w such that wJ  crosses the origin of the coordinate system. 

Evidently [ ] 0,3 =Ew  is satisfied if [ ] ,0, =Ew  that is ( )[ ] .0,1 =σ xEx  In 

the latter case and when 0,,1 0121 =ψσ=σ=n  and 03 tt ∂∂=σ  the 

differentiation of 2(12) with the operator xσ1  and the restriction on the 

diagonal yx =  provides the PDE 

(1) ( ) ( ) ( )[ ] ( ) 0,,,6, 3
11 =σ+σ+ xtvxtEvxtvxtv xxt  

of Korteweg-de-Vries’ type, where ( ) ( ).,2, 1 xxKxtv xσ=  Particularly 

there are solutions having the symmetry property ( ) ( ).,, xtvxtEv =  

3. Example 

Non-isothermal flow of a non-compressible Newtonian liquid with a 
dissipative heating. Take the pair of PDOs 

(1) yxL σ+σ=1  and 

(2) ,22
12 yxyxt qL σ+σσ+σ+σ=  

where R∈q  is a real constant, and consider the integral equation 3.2(1) 
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with N of the form 3.1(1), so that 

(3) ( ) 0,1 =yxFL  and 

(4) ( ) 0,,2 =yxFL j  for each j, (see also (4.81) and (4.82) in [23]). 

Therefore, in (4.83) [23] the term K changes into EK. Transforming the 
corresponding equations from [23] with the help of the operator E we deduce 
that 

(5) ( ) ( ) ( ) ( )[ ],,,2,2 2222
1 xxEKyxpKyxK xyxyxt σ−=σ+σσ+σ+σ  

where K depends on the parameter t. 

Let ( ) ( ),,, xxKtxg =  then on the diagonal yx =  this implies the 

PDE: 

(6) ( ) ( ) ( ) ( )[ ].,,2,2
1 txEgtxpgtxg xxt σ−=σ+σ  

Therefore ( ) (
⎟
⎠
⎞

⎜
⎝
⎛ −ψ

= 2
,, yxKyxK  and [ ] 0,1 =KEL  is fulfilled if 

( ) ( .2
,, ⎟

⎠
⎞

⎜
⎝
⎛ −ψ

=
yxEyxE  For E independent of t the condition 

[ ( )] 0,,,,2 =xxEL xx  means that [ ( )] .00,,,2 =EL xx  Thus in the real 

shadow of ( )rAIm  this ( )0E  induces any element of the orthogonal group 

( ).12 −rO  

3.1. Theorem 

Suppose that conditions of Theorem 3.3 and Example 3 are satisfied, 
then PDE (5) over the Cayley-Dickson algebra rA  with 32 ≤≤ r  has a 

solution given by Formulas (3, 4), 3.1(1) and 3.2(1), where PDOs 1L  and 

2L  are given by (1,2), ( )RnnMatF ×∈  and ( ) N∈∈ × nMatK rnn ,A  for 

1,2 == nr  for .3=r  
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5. Conclusion 

The results of this paper can be applied for analysis and solution of 
nonlinear PDE mentioned in the introduction and for dynamical nonlinear 
processes [14, 15] and air target range radar measurements [40]. 
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