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Long term target : 10 ms of a Tokamak working

Edge instability

Discharge
simulation

Turbulence

o

o VeV 4 (B v x (B4 )V F =0
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General framework

Essentially : £ ~ 0 but not everywhere everytime
O¢ induces oscillations of period ¢ and of high amplitude in u® = u°(z).

Difficulties

@ High frequency oscillations with high amplitude when ¢ is small
@ Manage transition between regions where ¢ ~ 0 and others
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Scheme based on an Approximated Equation

¢ uniformally small

u®(z) ~ u(z) strongly for small ¢
u® solution to u solution to
O ur =0 c=0 Ou=0

Az—0

up solution to

OAZ Unz = 0
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AP Schemes

€ non uniformally small
u®(z) ~ u(z) strongly where ¢ is small

u® solution to u solution to
_ >
Ou=0

Ofur =0

—0

™

Az—0 Az—0

uj, solution to upz solution to
P _—
Az UAZIO =0 OAZ UAZZO
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Two-Scale Numerical Methods

¢ uniformally small
u*(z) ~ u(z) weakly and u®(z) ~ U(z,( = Z) strongly for small ¢

u® solution to U solution to
- >
O‘E u‘E — 0 e — 0, two-scale O U — 0
Az—0

up solution to

OAZ UAZ =0
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TSAPS

u” solution to u solution to
O =0 \';: Ou=0
£ — 0, two-scale /cl
U solution to ~/Z ¢
o ou=0
Az —0 Az — 0
e—0
U* solution to
O U =0
Az — 0
ux, solution to o uaz solution to
OAZ UZZ =0 OAZ Uupnz = 0
Az — 0 /

. d¢
Ua; solution to /Z

OAZ UAZ =0

€ non uniformally Op, Up, =0 u®(z) ~ u(z) weakly
small u®(z) ~ U(z,{ = £) where ¢ is small
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Equation of interest and
related results
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Equation of Interest : Vlasov Equation with Strong

Magnetic Field

In . Crouseilles - Frénod - Hirstoaga - Mouton, Submitted

f‘E
87+V'fo5+<E5+v>< (BE+M))~VVF:O,

ot
fe(t =0,x,v) = fy(x,v),

tef0, T, xeR3 veR3

Distribution function: ¢ = f<(t,x,v)

Electric field: E° = E*(t, x)

Magnetic field: B = B*(t,x) and M = 27e;
Assumptions:

o fo >0and fo € L3(RO).
o E° = E and B° — B strong in L*(0, T; L{,.(R?)), VT € R".
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Order 0 Two-Scale behavior of (f ) when = — 0

In : Frénod - Sonnendriicker, Asymptot. Anal., 1998.

@ As=— 0,f° = f°(t,x,v) Two-Scale converges to F = F(t,7,x,V)

t
ie. | fo(t,x,v) ~ F(t,—,x,v)| whene~0.

o F e Ker(Z+(vx M) V,) There exists G = G(t,x, u) such that
F(t,7,x,v) = G(t,x,r(T)v) | where ( 1 0 0 )

r(r)=1 0 cos(2rr) —sin(27T)
0 sin(2r7)  cos(27T)
@ G is the solution to

9G
{ E—I—UH-VXG—I—(E”—&-UXBH)-VUGZO,
G(0,x,u) = fo(x,u).
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Order 1 Two-Scale behavior of ()
In : Frénod - Raviart - Sonnendriicker, J.Math. Pures Appl., 2001.

o | ~+

,x,v)) Two-Scale converges to Fi(t,7,x,v)

! <f5(t,x,v)F(t,

where | Fy(t,7,x,v) = Gl(t,x, r(T)v) + I(t, 7, %,v)

0Gy 0G1
W-i— u TXH—’_ (E” +uXx BH) - V%G1 = RHS (t,X,V7 E, B, G)

I(t,7,x,v) = (r(T + %) — r(%)) V- VXLG(t,x, r(T)v)

+[rtr + %) _ r(%)) B+ r(r)v x (r(7 + %) _ r(%)) B] %, G(tx,r(7)v)

Hence, when ¢ ~ 0:

o | ~
o | =~

Fo(t,x,v) ~ G(t,x,r(=)v) + 5<G1(t,x7 r(=)v) + /(t,i,x,v)) .
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Two-Scale Macro-Micro decomposition

- t t t
(when e~ 0: F7(t,x,v) ~ G(t,x, r(—)v) + $<Gl (&, %, r(—=)v) + I(t, i,x,v)) )

€ €

9
We write Macro part € Ker(a——k (vx M)- V\,)

F(tx,v) = G(E.x (S )W) + = G (%, r(

0
Micro part € Im(a—k (vx M)- V\,)

(Ker(%—k (v x M)- VV) @ |m(£+ (v x M)- V,) ) where

o G; ~ G; when ¢ is small

or
Equation for (Gj, k°)7

e h® is the corrector (h* =

+ (v x M) - k%)
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Weak formulation with oscillating test functions

/ /Rsl ) [Gor]” + 2 [Gior] + <[ + {38/;] 4 v x M) [T

HaJ* e [Zﬂ v [Nl (B v (B+§)) [Vl ] dxdv dt

== fo(X,V) ¢(0a05x7v) dx dV7

R6

e when ¢ € Ker((% +(vxM)- Vv) = Two-Scale Macro Piece

@ when ¢ € Im(% +(vx M)- VV> = Two-Scale Micro Piece
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Two-Scale Macro equation

Unknowns: G; and k°. Test functions: ¢(t,7,x,v) = y(t,x, r(7)v)

T 0
/0 8 G; {a—z/—k (r(—é)u) Vv + [r(g)E +u x (r(

[O(lor=1)1°
. T }vdxdudt

o | ~+

)B)] - Vu'y} dx du dt

[ LE
+/0T/Ra :{(%lf)orl} (-5 M) (wk)or ] %dxdudt
/0 /R k-

:[/or_l]S + [(W)or_l]a + (r(_

M | ~+

) M) - [(%k)or '] |

X {(r(—g)u) - Vey + [r(g) E+ux (r(é) B)] -Vu'y} dx dudt = 0.
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Two-Scale Micro equation

Test functions are 1) = 2% 4 (v x M) - Yk

K S Q] oo [5] 2[5] + een [])

or2 or
[[%]I (v x M) - [Nor]] dxdvdt

Ok® _
+/ [=—(0,0,%,v) + (v X M) - %k“(0,0,x,v)]
6 - OT

o]
[—H(O 0,x,v) + (v X M) - %r(0,0,x,v)] dxdv

7 LG e ) o [+ wan - (sl

aaan}f +(Ex M+ (v x B) x M) - [Mr]

+(E+v><B)-[

or
— v [R] + (v x M) - ([2R) (v x M) ] dxdv dt

B /oT/RG [3(1‘;;71)]5 [[%Or71]5 + [(r(_é)") X M| - [(Vm)orfl];] dx du dt

+(E+vxB): (V2] (vx M)+ %(v x M) - [‘W*'T

Two-Scale Macro-Micro decomposition of a Tokamak Plasma relate



+/o /[/] [GZ:HTHva).([vam];v)+(E+va)<[SSV;K]E
+(E><M+(v><B)><M)-[v\,m]f—t-(E—&-va)»({szn]g(va))]dxdvdt

/ [ } [gﬂ + (v x M) [vai]f] dx dv dt
F

- 14)
1 (0,0, x,v) [67“(0707 x,v) + (v x M) - %k(0,0, x,v)] dx dv

L7 o [ s (5

A\

+(E+v xB) [8(’%} +(EXx M+ (v x B) x M) - %]

-
+/R°
“f

F(E4vxM)- ([vfn]f(v x M))} dx dv dt = 0.
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u® solution to

Ofur =0

Az —0

uR, solution to

€ 151
Az Upnz = 0

u solution to

£ — 0, two-scale

U solution to

O UF =0

£ — 0, weak-*

e—0

Ou=0

U solution to
ouU=0

Az — 0

Az — 0

ua solution to

UX, solution to

(/)Az Az —

0

OAZ upnz = 0

Ua, solution to z

OAZ UAZ =0
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